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ARTICLE INFO ABSTRACT
Keywords: Conformance checking is central in process mining (PM). It studies deviations of logs from reference
Stochastic conformance checking processes. Originally, the proposed approaches did not focus on stochastic aspects of the underlying process,

Earth Movers’ Stochastic Conformance

and gave qualitative models as output. Recently, these have been extended in approaches for stochastic
Higher-order Markov chains

conformance checking (SCC), giving quantitative models as output. A different community, namely the software
performance engineering (PE) one, interested in the synthesis of stochastic processes since decades, has developed
independently techniques to synthesize Markov Chains (MC) that describe the stochastic process underlying
program runs. However, these were never applied to SCC problems. We propose a novel approach to SCC based
on PE results for the synthesis of stochastic processes. Thanks to a rich experimental evaluation, we show that
it outperforms the state-of-the-art. In doing so, we further bridge PE and PM, fostering cross-fertilization. We
use techniques for the synthesis of Variable-length MC (VLMC), higher-order MC able to compactly encode
complex path dependencies in the control-flow. VLMCs are equipped with a notion of likelihood that a trace
belongs to a model. We use it to perform SCC of a log against a model. We establish the degree of conformance
by equipping VLMCs with uEMSC, a standard conformance measure in the SCC literature. We compare with 18
SCC techniques from the PM literature, using 11 benchmark datasets from the PM community. We outperform
all approaches in 10 out of 11 datasets, i.e., we get uEMSC values closer to 1 for logs conforming to a model.
Furthermore, we show that VLMC are efficient, as they handled all considered datasets in a few seconds.

1. Introduction stochastic conformance checking (SCC, see, e.g., [7-9]), i.e., approaches
to conformance checking that emphasize stochastic aspects of the un-

Process Mining (PM) is an interdisciplinary research area that aims derlying process, like the frequency and probability of traces, and

at extracting insights and knowledge from execution traces of a pro- consider quantitative models. The most recent among these approaches,
cess, bridging the gap between data science and process science [1]. therefore the state-of-the-art in stochastic conformance checking, are
PM involves a wide collection of techniques that can be grouped based of stochastic distances like the famous Earth Mover’s Distance
in three macro areas: process discovery, process enhancement, and (EMD, also known as Wasserstein distance) [10], via SSC measures
conformance checking. Process discovery involves mining a graphical based on it named Earth Movers’ Stochastic Conformance (EMSC), or
representation of the executed process, while process enhancement unit EMSC (uEMSC) [7,9]. In these approaches, the reference model

regards the enrichment of a model with additional information, such as
the frequency of executed activities or paths. Conformance checking is
a pivotal problem in PM, enabling the identification, analysis and fix of
deviations among reference and mined processes [2]. Several proposals
in PM focus on the stochastic nature of the studied process (see, e.g., [3-
5], just to cite a few). However, historically, PM approaches, and in
particular conformance checking ones, did not focus on the stochastic
aspects of the underlying process, and considered qualitative models.
That is, traditional conformance checking techniques have mostly ig-
nored the stochastic perspective of the process model (see, e.g., the
discussion in [6]). Recently, there has been a growing interest towards conformance checking is not central in PE.

and a group of traces are transformed in two stochastic languages,
respectively, and stochastic variants of the EMD distance among such
languages are used to establish the conformance of the group of traces
to the model.

Over the years, the so-called software performance engineering (PE)
community, inherently interested in the synthesis and analysis of
stochastic processes, developed techniques for synthesizing Marko-
vian models that accurately describe the stochastic process underly-
ing programs (see., e.g., [11-19]). However, surprisingly, stochastic
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In this paper, we propose a novel approach to stochastic confor-
mance checking based on PE techniques for the synthesis of Markovian
models. Given in input a log, we show how to mine and give in output a
Variable-length Markov Chain (VLMC, higher-order Markovian models
equipped with memory) [11] from logs. Intuitively, VLMCs are Markov
chains which partially depart from the usual memory-less property.
Given a trace, they compute a trace-specific dependency on previous
events, the memory, to compute a precise probability distribution
for the next event. VLMCs are particularly well-suited for compactly
expressing complex memory and path dependencies in the process. We
use the VLMC notion of likelihood of a trace in a discovered stochastic
process. The likelihood of a trace corresponds to the probability for the
model to generate that trace. In line with the SCC literature (e.g., [20,
211), we use the notion of likelihood to perform SCC of a log against a
model. In particular, we use the conformance measure uEMSC, standard
in the SCC literature. We obtain an innovative method for stochastic
conformance checking that is accurate. That is, our technique computes
high uEMSC values, often close to 1, for logs conformant to models.

Our claims are supported by a rich experimental evaluation involv-
ing 11 benchmark datasets and 18 competitor SCC techniques from the
PM literature. In particular, we align to the SCC literature in the sense
that we use all datasets considered in [20], included in those in [21].
Furthermore, we compare with all the 15 SCC techniques considered
in [20], and with the 3 additional ones considered in [21]. Notably,
our approach outperforms all 18 competitor SCC techniques in terms of
uEMSC values on 10 out of 11 datasets. That is, we get uEMSC values
closer to 1. All experiments can be replicated using our replicability
package [22]. Such good performances of our method may be due
to the fact that all the considered competitor techniques are actually
combinations of a qualitative discovery step, to mine the structure of
a (qualitative) model, followed by a stochastic step where weights are
assigned to the qualitative model to make it stochastic. Instead, our
approach is natively stochastic: we directly learn a stochastic model (a
higher-order Markov Chain). That is, the stochastic aspect is central
also during the discovery of the structure. Another reason may be
connected to the use of memory, which is central in the analysis of
stochastic models in several domains (see, e.g. [23-25]). In fact, it
allows to handle issues connected to the so-called phenomenon of path
dependency [26-28]. As exemplified later in our running example in
Listing 1, this may be an important dimension to consider. However,
none of the considered competitor approaches is based explicitly on
memory. In fact, our approach is not an improvement to an existing
(PM) technique, but a new approach based on results coming from a
different community. Nevertheless, our approach can be seen as ‘in line’
with the recent data-aware approach [20]. In fact, from an abstract
point of view, our approach is based on a specific type of data: the
‘memory’ of each execution trace. In a later section, we also perform a
preliminary study of the impact of noise in traces, showing a decrease
in performance linear in the amount of noise in the dataset, and sketch
an extension mitigating this effect.

2. Related work on stochastic conformance checking

As discussed in the Introduction, historically, conformance checking
approaches focused on qualitative aspects of the underlying process.
The obtained models were qualitative, ignoring the stochastic per-
spective of the underlying model. See, e.g., the discussion in [6,29].
More recently, there has been a growing interest towards SCC. That is,
approaches to conformance checking that emphasize stochastic aspects
of the underlying process, and produce stochastic models. See for
example, just to cite a few [7-9]. Most of these techniques consider
variants of the EMSC to establish the degree of conformance of a
log with a model. Furthermore, in many cases the SCC techniques
are obtained by first performing a qualitative discovery step which
produces a qualitative model, followed by a quantitative step which
makes the model stochastic. For example, the recent proposals in [20,
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21] share these characteristics. In our experiments in Section 5 we
compare with the techniques proposed in the two papers, and with
those included there for validation, for overall 18 SCC techniques. The
authors of [20] propose a stochastic data-aware conformance checking
technique which first mines a qualitative model, and then makes it
stochastic by tuning weights in the model optimizing with respect to
the impact of data variables. Instead, the authors of [21] propose a
novel model based on variants of (generalized) stochastic Petri nets
with silent transitions, and show how it can lead to improvements
in the quality of existing SCC techniques by better estimating the
likelihood (probability) of single traces in a model. Likewise, most of
the approaches to SCC are based on (generalized) stochastic Petri nets,
or fragments thereof [9,30-33]. We are not aware of SCC techniques
based on higher-order Markov chains based on the use of memory.

A number of recent approaches to SCC tackle specific problems and
scenarios. For example, the authors of [6] propose a flexible framework
able to partially match traces, allowing to match traces which differ
slightly. Another example is [34], which focuses on environments
where event logs are assumed to be uncertain (known stochastically).
Our take on SCC, the first one based on VLMCs and memory, may be
extended in the future in these directions.

3. Performance engineering and VLMCs

In this section, we briefly introduce the domain of software perfor-
mance engineering from a PM perspective (in Section 3.1), and then we
treat in greater detail our reference model, VLMCs. In particular, we
first introduce VLMCs informally based on an example (Section 3.2),
and then introduce them formally (Section 3.3).

3.1. Overview on software performance engineering

Formal models of stochastic processes, such as Markov chains, play
a critical role in the community of software performance engineer-
ing because they provide a mathematical framework for modeling
and analyzing the probabilistic behavior of software systems [35,36].
These processes allow engineers to capture the randomness inherent
in system performance, such as varying execution times, user interac-
tions, and system workloads [37]. By representing a software system
as a sequence of events with probabilistically determined transitions,
Markov chains help in predicting system behavior under different
conditions, identifying performance bottlenecks, and evaluating the
impact of optimizations. This approach is essential for designing soft-
ware that is not only efficient, but also resilient to the variability and
uncertainty of real-world operating environments, enabling automated
reasoning about a range of extra-functional, quantitative properties
such as reliability, performance, and energy consumption [38,39].

Within PE, various techniques have been developed to automatically
extract (i.e., to mine) Markov chains from executions of computer
programs (i.e., from logs of program executions). As discussed, the
aim of this paper is to show that techniques developed within the PE
community can be applied to PM problems, and that this can advance
the state of the art in PM. In particular, we show how leveraging tech-
niques from PE can lead to accurate stochastic conformance checking.
In Section 5 we demonstrate these improvements using well-established
PM measures for stochastic conformance checking.

The key insight is to view a program as a low-level representation
of the operational behavior of a business process. Using this interpreta-
tion, we can directly apply PE techniques to business process analysis,
allowing to study the processes underlying software programs from the
quantitative and stochastic point of view of PE.
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Fig. 1. Markov chains (MC) for Listing 1: (a) MC not encoding memory; (b) MC encoding full memory; (c) MC encoding relevant memory.

Listing 1: Python-like pseducode for a program with two highly
inter-dependent if

1 | prepareForNewTrace ()

2 |x = #Toss a fair coin: pick 0 or 1 with
probability 0.5

3 | addEvent ( )

4

s |if x == 0:

6 addEvent ( )

7 | else:

8 addEvent ( )

9

10 | addEvent ( )

un |if x == 0:

12 addEvent ( )

13 | else:

14 addEvent ( )

15

16 | addEvent ( )

Table 1

The two possible traces/logs generated by Listing 1.

Case id Timestamp Activity Case id Timestamp Activity

TO 1 Begin T1 1 Begin

TO 2 0 T1 2 1

TO 3 Test T1 3 Test

TO 4 0 T1 4 1

TO 5 End T1 5 End

3.2. Overview on VLMCs

Running example. Let us consider the program in Listing 1. It logs a
sequence of activities, i.e., {Begin, Test, O, 1, End}, representing a
simple process where the outcome of a fair coin toss (line 2) determines
which events are recorded (lines 3, 6, 8, 10, 12, 14) followed by an
End event (line 16). To track the behavior of the program in an event
log, we included a logging infrastructure based on two functions: pre—
pareNewTrace and addEvent. The former resets the events counter
to zero, which is used to represent time, and generates a new case ID
to group the events that belong to the same program execution. The
latter, instead, increments the events counter and adds an entry to the
event log for the activity name given as input, associating to it the latest
generated case ID and time. Given that the random value is sampled
once at the beginning of each execution (Line 2), it is easy to see that
this program can generate only the two traces in Table 1.

Markov chains for the example in listing 1. By performing multiple sta-
tistically independent runs of a program, it is possible to collect event
traces used to synthetize Markov chains representing the probabilistic
behavior of the program [11,15-17,40,41]. For example, Fig. 1(a)
illustrates a simple hand-crafted Markov chain which aims to represent
the behavior of Listing 1. Each state corresponds to the emission of a
specific activity whose probability is reported on the edge connecting
two states. As it can be observed, the structure of this Markov chain
closely follows the control-flow of the program. Indeed, in their sim-
plest formulation, PE techniques for the synthesis of Markov chains
underlying programs simply follow the branching structure of the pro-
gram considering one instruction at a time, ignoring any dependence
from previous instructions, that is, ignoring any dependency in the
control-flow on history/memory [42]. This approach tends to produce
compact models which, however, may not faithfully reflect the actual
behavior of the program under analysis. Specifically, when replaying
the generated model, it is possible to produce event traces that could
actually not be generated by the original program. In process mining
terms, this model has good fitness, but low precision. Considering the
example in Listing 1, from both nodes Begin and Test of Fig. 1(a)
we have two outgoing edges towards nodes O and 1 depending on
the sampled value. However, this representation is accurate only for
Begin. Instead, the chain is not able to express that when we get to
Test, the next step is already pre-determined by the choice done in
Begin: Begin,0,Test can only be followed by 0, and Begin,1,Test
by 1.

In other words, in order to accurately describe only the admitted
traces, it is necessary to encode a notion of memory within the chain to
include the (hidden) non-local dependencies present in the control-flow
(i.e., the actual business process logic). To address this issue, the main
idea is to enrich the Markov chain inserting in its states the relevant
memory. This leads to so-called higher-order Markov chains [43] which
are then compiled back in (classic) Markov chains at the cost of a
much larger state space. Fig. 1(b) illustrates informally a portion of
the Markov chain underlying a higher-order Markov chain for the
program in Listing 1. Each state has been expanded to encode the
path followed so far (actually, the previous 5 steps). For example, state
Begin,0,Test corresponds to state Test from Fig. 1(a) reached
after executing Begin and 0. This new Markov chain describes more
accurately the program behavior, i.e., it expresses only the two traces
in Table 1. However, it incurs in the so-called state space explosion
problem. In fact, it is well-known that the Markov chain underlying
a higher-order Markov chain with n states and memory k has n*
states [44]. Furthermore, it is complex, and therefore it fails to satisfy
the simplicity criteria central in the PM community.
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Fig. 2. PST modeling the behavior of program in Listing 1. Each edge is labeled with a symbol (an activity) emitted by the program while each node reports the probability
distribution of the next symbol (within squared brackets). In addition, we mark each node with the juxtaposition of symbols encountered along the path from the root. The labels
of root and leaves are omitted for space constraints. With ¢ we denote the empty trace. The PST is used to efficiently compute the probability distribution of the next symbol
based on a suffix of the current trace (a path from root to a node). (For interpretation of the references to color in this figure legend, the reader is referred to the web version

of this article.)

Probabilistic-suffix tree for the example in listing 1. In order to address
these dimensionality and complexity problems, approaches have been
proposed in PE where an intermediate model represents implicitly
and compactly the Markov chain underlying a higher-order Markov
chain with memory. That is, the model does not explicitly enumer-
ate all possible states, but only implicitly represents them. The state
space can then be obtained on-the-fly by executing, or replaying, the
model. This is akin, e.g., to stochastic Petri nets which generate large
Markov chains based on an initial marking set. A well-known such ap-
proach, established within PE [11], Bioinformatics [45,46], NLP [47],
and data compression [48], is based on Variable-Length Markov Chains
(VLMCGs) [23,49]. This is a formalism capable of compactly encoding a
stochastic process with complex path dependencies in its control-flow
by resorting to variable-length memory. Intuitively, e.g., in the example
in Listing 1, the relevant memory is only the outcome of the first if
statement, and this information is relevant only when executing the
second if statement. This is intuitively depicted in the hand-made
Markov chain in Fig. 1(c). Enriching states with only the relevant
memory, typically leads to much fewer states than in the explicit
Markov chain underlying the higher-order one [49].

As discussed, VLMCs are able to implicitly represent Markov chains
with only relevant memory such as in Fig. 1(c). This is obtained by
using a particular data structure to track which part of the process
history is relevant in each state. This data structure, named probabilistic
suffix tree (PST) [50], is used to determine the outgoing probability
distribution of the next activity. The PST is built starting from the so-
called context function, hereby denoted by C. Let us consider a trace
of activities x(x; --- x,, where x, is the initial activity, and x, the final
one.! The context of this trace, i.e., C(xyx, -+ x,), is the shortest suffix
Xp_p41 -+ X, such that

Pr(x,,, | x0Xq - X,) = Pr(x, | Xpfer1 %)

for all possible one-step next activities x,,;, where Pr(x,,; | --) is
the probability of generating event x,,; conditioned by the previous
events in the trace. In other words, the context is the discussed relevant
memory. The contexts of all states of a VLMC are compactly represented
in the PST. In what follows, we informally discuss how to use PSTs and
VLMCs on the example in Listing 1. We refer to Section 3.3 for more
details and for the algorithms to synthesize them.

The PST of the program in Listing 1 is shown in Fig. 2 where with ¢
we denote the empty trace. Nodes are labeled (within squared brackets)
with probability distributions of the next activities, conditioned on the
relevant history (i.e., the labels of the edges from the node to the
root). In addition, we mark each node with the juxtaposition of symbols
encountered along the path from the root to that node. The PST is
traversed to compute the probability distribution of the next activity. In

1 In theory of VLMC and stochastic processes in general, traces (actually
sequences) are usually denoted in reverse order, i.e., x,x,_, - x,. Here we
avoid this for consistency with PM notation.

€,Begin
0.5 0.5

a b

Fig. 3. Fragments of the higher-order Markov chain with memory m = 2 corresponding
to probability distribution of Eq. (1) and Eq. (2), respectively. In each fragment, a state
is identified by a couple of random variables denoting the outcomes of the last two
steps of the program reported in Listing 1. That is, each state only contains information
about the last two generated symbols.

particular, the traversal starts from the root, following the edge labeled
with the latest produced activity. If the target node has an outgoing
edge labeled with the second-latest produced activity, it means that
more memory can be used to refine the probability distribution, and
so on. Otherwise, we return the probability distribution labeling the
current node. Let us consider the case in which the program has
produced only the sub-trace Begin. That is, we compute

{Pr(a | Begin), a € A}, with A = {Begin,0, 1, Test}. (@D)]

In the PST, we need to follow the top-left edge labeled with Begin.
The target node has label [0.5(0); 0.5(1)], implying that after
the execution of Begin, the program will execute either O or 1 with
probability 0.5. Let us consider, instead, the case in which the program
has produced the sub-trace Begin, 0, Test. That is, we compute

{Pr(a|Begin, 0, Test),a € A}. (2)

We start by considering the latest activity, Test. That is, we consider
the edge with different color having label Test in Fig. 2. The target
node tells us that after the execution of this event, we have probability
0.5 for 0, and 0.5 for 1. This would be the result obtained without using
any memory, akin to Fig. 1(a). However, given that the target node has
outgoing edges, the PST tells us that this probability distribution can
be refined by using one more step of memory. For doing so, we follow
the edge labeled with O, the activity preceding Test in the considered
trace. We get to a state with probability 1 for event O. In other words,
given that two steps ago the program has executed O, it can now only
execute O.

Given that no path in the PST has a length greater than two, this
program can be described using memory of at most two preceding steps
before generating a new one. PSTs enable variable-length memory,
meaning that, as we have seen, some traces may require considering
the last two activities, others only the last one, and in some cases, no
previous activity at all.
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Markov chain of order m underlying the PST for the example in listing 1. A
PST serves as an implicit representation of a higher-order Markov chain
which uses memory of variable length. Representing a VLMC explicitly
is complex and rarely done. Rather, PSTs are typically used to denote
directly VLMCs, and therefore PSTs and VLMCs are often considered
synonymous [23,49]. Instead, just for the sake of presentation, we can
show a simpler, but usually much larger, (non higher-order) Markov
chain which always uses the maximum memory supported by the PST
(which, in our example is 2). In other words, thanks to the PST we know
that we can construct a Markov chain with |A|™ states, with A the
considered symbols, and m the maximum memory represented in the
PST. In our example we would have 57 states, including the empty trace
e in the count of activities. Such Markov chain represents explicitly
the probabilities that can be computed by the PST (probability of each
next activity based on the last two activities), but incurs in the state-
space explosion, and in fact it is neither constructed nor considered.
We discuss it here just to provide intuition. Fig. 3a and b illustrate
two fragments of this Markov chain, which can be used to derive
the probability distributions in Eq. (1) and Eq. (2), respectively. For
example, the root node in Fig. 3a represents the trace containing only
Begin. Its outgoing edges state that the probability distribution for
next activities assigns 0.5 to O and 1. Instead, the root node in Fig. 3b
represents traces whose last two activities are 0, Test, and states that
for such traces, the probability distribution for next activities assigns 1
to O, and 0 to any other symbol.

Trace likelihood in the VLMC for the example in listing 1. Here we move
one step towards VLMC-based stochastic conformance checking by
exemplifying how to use VLMCs and PSTs to compute the probability of
a trace in a VLMC. We do this by introducing a notion of likelihood L for
VLMGs. In the theory of stochastic processes, the likelihood of a trace
(actually a sequence) of events (or symbols, or activities, depending on
the domain) is a well-known notion [51]. It is the probability that a
trace is generated by a stochastic process. E.g., it is used in maximum
likelihood estimation [52], where one searches for the model that best
fits the data (e.g., the model with highest average likelihood for all
traces).

In words, the likelihood of a trace in a VLMC is the product of the
probabilities of having each activity in the trace as next activity of the
ones preceding it. Therefore, it is the probability of generating the trace
in the considered model. Once the PST has been built, likelihoods can
be easily calculated by adequately traversing the PST.

As a first example, we compute the likelihood of one of the two
traces in Table 1 which, as discussed, belongs to the program in Listing
1 and to its PST in Fig. 2. In particular, we compute £(Begin, 0, Test, 0,
End). We divide the trace in five suffixes, for which we compute the
following conditional probabilities according to what discussed in the
previous paragraph:

Pr(Begin|C(g)) = Pr(Begin|e) = 1.0

Pr(0|C(Begin)) = Pr(0|Begin) = 0.5

Pr(Test|C(Begin, 0)) = Pr(Test|Begin,0) = 1.0

Pr(0|C(Begin, 0, Test)) = Pr(0]0,Test) = 1.0

Pr(End|C(Begin, 0, Test, 0)) = Pr(End|Test,0) = 1.0

By multiplying all such probabilities we compute 0.5 as the likelihood
of the trace:

L(Begin, 0, Test,0,End) =1.0-0.5-1.0-1.0-1.0=0.5 3)

As a second example, we compute L(Begin,0,Test,1,End). That
is, we compute the likelihood of a trace that does not belong to the
program, nor to its PST. This time, we divide the trace in four suffixes,
for which we compute the following conditional probabilities :

Pr(Begin|C(g)) = 1.0
Pr(0|C(Begin)) = 0.5
Pr(Test|C(Begin,0)) = 1.0
Pr(1|C(Begin, 0, Test)) = 0.0
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We have considered one suffix less than in the previous case because
suffix Begin,0,Test, 1 does not belong to the PST. By multiplying
such probabilities, we obtained 0 as likelihood:

L(Begin,0,Test,1,End)=1.0-0.5-1.0-0.0=0.0

We can see the following: for the first trace, which belongs to the
program, we got a non-zero likelihood (i.e., it has non-zero probability
to be generated by the model). Instead, for the second trace, which
does not belong to the program, we got 0 as likelihood (i.e., it has zero
probability of being generated by the model).

3.3. Formal definition of VLMC

After the informal example-driven discussion given in Section 3.2,
we now formally define VLMCs and their discovery algorithm originally
introduced in [11,49].

As we have discussed, the relevant notions in VLMCs are context
functions and PSTs (e.g., see Fig. 2), which we now formally introduce.
As usual in the domain of stochastic processes [35], our definitions are
based on an alphabet of symbols. In PM terms, these are the activities
performed by the process.

Definition 1 (Context). Let A be a finite alphabet, and let A* denote
the set of all finite traces over A. A trace v € A* is called a context of
a trace ¢ if v is a suffix of .

Definition 2 (Context Function). Let (X,),cz be a stochastic process
taking values in A. The context function is the mapping C: A* —» A%,
such that for any trace o, C(c) is the shortest suffix of ¢ such that

Pr(w | o) = Pr(w | C(0)).

for any w € A. In other words, C(c) returns the minimal suffix of ¢ that
contains all the necessary information to determine the future behavior
of the process X.

Definition 3 (Probabilistic Suffix Tree). Let A be a finite alphabet, and
let (X,),cz be a stochastic process taking values in A, i.e., producing
symbols in .A. Given a context function C : A* — A*, a Probabilistic
Suffix Tree (PST) is a tree T whose nodes are labeled by sequences from
A* that satisfies:

» The leaves of T correspond to the contexts defined by C, ensuring
that for any trace o € A*, the unique minimal suffix C(c) is a leaf.

« If u is a child of v in T, then v is a suffix of u, forming a
suffix-based hierarchical structure.

+ Each node v is associated with a probability distribution { Pr(w |
v) | w € A*}, encoding the variable-length memory of the
stochastic process.

For example, considering the PST in Fig. 2, the node Test with
incoming red edge labeled Test has probability distribution assigning
0.5 to the activity O which leads to node Test, 0, probability 0.5 to
activity 1 which leads to node Test, 1, and probability 0 to all other
activities.

We can now formally introduce the notion of likelihood.

Definition 4 (Trace Likelihood in a VLMC). Let A be a finite alphabet,
and let (X,),c7 be a stochastic process taking values in .A. Given a trace
6 =ay,ay,...,q, € A*, and a PST T with context function C : A* - A%,
the likelihood L(c) of observing ¢ is given by in T
n—1
L(o) = Pr(ag) [ | Pr(aiy, | C(a"). @
i=0

where ¢/ denotes the sub-trace of ¢ ending in position .
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Finally, we can discuss how VLMCs are mined. Here we use our al-
gorithm from [11], adapted for PM notation. The algorithm is sketched
in Algorithm 1 while we refer to [11] for a in-depth discussion.

First, MineVLMC sorts the events in the log in ascending order based
on their timestamps (line 2) and constructs the suffix array [53] from
the log L (line 3). This enables the efficient counting of occurrences for
any given context and will be utilized in subsequent stages to compute
all next-activity probability distributions efficiently.

For each activity g; in L, the algorithm constructs a candidate
sub-PST rooted at q;, referred to as the activity PST (line 6). This
sub-PST includes all suffixes in L that end in g;, as they represent
all possible memory dependencies for that activity. Additionally, the
function growPST computes all next-activity probability distributions
for the activity PST of g;. Intuitively, it recursively builds a PST for
activity a; by expanding historical sequences backward. It initializes
a node for the current context, calculates transition probabilities, and
selectively extends the context if the new sequence is frequently ob-
served. This ensures that only significant patterns contribute to the
model, enhancing its efficiency in predicting future activities based on
past ones. For further details on growPST, we refer to [11].

Finally, during the pruning phase, only statistically significant nodes
are retained for each activity PST (line 7), which is then added to the
final PST (line 8).

Algorithm 1: Mine a VLMC from a Event Log L
1 MineVLMC (L, n,,;,, @)
inputs: The event log; The minimal occurrences of a
context; The pruning factor
output: A VLMC for L
L « sort(L, Asc)
Global sa « buildSuffixArray(L)
PST <« @
foreach Act g; € L do
PST,, « growPST(q;)
prune(PSTa’ )
PST.addChild(PST,,)
end
return PST

© o N o s~ W N
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4. VLMC-based stochastic conformance checking

We are now in a position to propose a VLMC-based approach
to stochastic conformance checking. In particular, we show how to
incorporate the notion of trace likelihood computed in VLMCs in well-
established metrics for stochastic conformance checking from PM.

Stochastic conformance checking evaluates how closely a stochas-
tic process model aligns with an observed event log based on their
probability distributions. Unlike classical conformance checking, which
focuses on structural behavior, stochastic conformance checking com-
pares the likelihood of observed traces with their corresponding prob-
abilities in the model. This approach ensures that the model cap-
tures the possible behaviors, and also accurately reflects the observed
frequencies or probabilities of those behaviors.

To assess the quality of a stochastic model, a common measure
is the overlap in probability mass between the stochastic language of
an event log and the stochastic language of the model. For stochastic
process models, this overlap is often quantified by the Unit Earth Movers’
Stochastic Conformance (UEMSC) measure [9]. The uEMSC calculates
the overlap for each trace ¢ in the log L, measuring the positive
difference between the probability of that trace in the log and its
probability in the stochastic process model M [9]:

uEMSC(L, M) =1 - Z max(L(e) — M(0),0) 5)

c€L
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Table 2

Likelihood values for each trace ¢ generated by Listing 1. Column M (o) represents the
likelihood computed from the mined PST, while column L(s) reports the likelihood
measured from a log obtained by running 1000 executions of Listing 1.

c L(o) M(o)

Begin, 0, Test,0,end 0.5 0.5

Begin, 1, Test,1,end 0.5 0.5
Table 3

Details of the experimental set-up. Table (a) lists the used logs. These are all the
logs in [20], taken from its replicability package [54]. These are also considered in
[21]. Table (b) denotes the used stochastic conformance measure. Competitor stochastic
conformance checking techniques have been obtained by combining the qualitative
discovery techniques in Table (c) with the stochastic ones in Table (d). In both cases,
these are all the techniques considered in [20,21].

(a) Logs

Log Traces Events Activities
bpicl2-a 6562 30541 10
bpicl3-incidents 3786 32825 13
bpicl3-open problems 412 1179 5
bpicl3-closed problems 748 3361 7
bpicl7-offer log 21455 96752 8
bpic20-domestic declarations 5228 28108 16
bpic20-international declaration 3204 35815 34
bpic20-prepaid travel cost 1052 9164 29
bpic20-request for payment 3447 18458 18
Sepsis 526 77 615 16
Road traffic fines 75167 280779 11
(b) Measure

uEMSC as defined by Eq. (5)

(c) Qualitative discovery techniques

Considered in [20,21]

Directly Follows Model Miner DFM
Considered in [20]

Inductive Miner infrequent IMF
Flower model: a model that allows for any behavior FM

of the observed alphabet

(d) Stochastic techniques

Considered in [20]

Baseline uniform choices BUC
Alignment-based estimator ABE
Frequency-based estimator FBE
Data-based stochastic discovery without one hot encoding DSDwe [20]
Data-based stochastic discovery DSD [20]
Considered in [21]

Frequency-based estimator with enhanced likelihood estimation FBEes [21]
Bill Clinton-based estimator with enhanced likelihood estimation BCEes [21]
Alignment-based estimator with enhanced likelihood estimation ABEes [21]

This formula relies on the probability of a trace ¢ in the log (L(s)),
which can be easily compute as the frequency of the trace in the
log, and on its probability in a stochastic process model (M(c)). The
latter can be challenging to compute in general. Instead, in VLMCs it
corresponds to the likelihood of the trace which can be easily computed
using the PST.

As an example, we now compute uEMSC (Eq. (5)) for our running
example in Listing 1. As discussed, the program can only produce the
two traces in Table 1. We have run the program 1 000 times, obtaining
500 times each of the two traces. This is our language L. Running the
process discovery algorithm discussed in Section 3.3, we obtain the PST
in Fig. 2. This is our model M, and we set M(c) = L(o) for any trace
o. That is, we use as probability of a trace in a model its likelihood. As
shown in Table 2, the likelihood of the two traces in Table 1 is 0.5. By
doing the math, applying Eq. (5) to this data results in a uEMSC value
of 1, indicating perfect conformance between the mined PST and the
traces in the log.
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5. Numerical evaluation

This section presents a comprehensive numerical evaluation of our
VLMC-based approach for stochastic conformance checking comparing
it with 18 stochastic conformance checking techniques on 11 bench-
mark datasets from the PM literature. All experiments can be replicated
using our replicability package available on Zenodo [22].

5.1. Experimental setup

In this evaluation we take as reference two recent papers which
present a novel stochastic conformance checking technique [20,21].
Specifically, precisely as done in the two reference papers, (i) we split
a log under consideration in 2 parts containing 50% of the traces each,
(ii) we mine a model (in our case a VLMC) using the traces in the
first part, and (iii) perform stochastic conformance checking of the
second part of the log against the mined model by computing the
standard measure uEMSC (see Eq. (5)). In order to make the computed
uEMSC values independent from the performed split, the experiment is
repeated on 10 random splits of each log. Table 3 provides details about
the experimental setup. Table 3(a) lists the datasets we consider. These
are all the 11 popular PM benchmarks taken from [20], as available
in its replicability package in Zenodo [54]. These are also considered
in [21]. For each log, we use the 10 splits available in [54]. Table
3(b) provides the used stochastic conformance measure. Table 3(c)-(d)
provide information on the considered competitor techniques in the
literature. In particular, we use all the 15 and 3, respectively, stochastic
conformance checking techniques considered in the two reference pa-
pers, for overall 18 techniques. All such 18 techniques actually consist
of two steps: first a qualitative discovery step is performed, to mine
the structure, i.e., a qualitative model. Then, a stochastic step makes
the mined model stochastic, e.g., by assigning weights. Table 3(c) lists
the 3 qualitative techniques used in the two reference papers, while
Table 3(d) the 8 stochastic ones. The 15 techniques from [20] were
obtained by combining all 3 qualitative techniques with the top 5
stochastic ones. For the sake of presentation, here we only report results
on each stochastic technique, picking the qualitative technique where
it performed best. Instead, we report all the 3 techniques from [21],
which where obtained combining the qualitative technique DFM with
the bottom 3 stochastic ones.

To assess the quality of our VLMC-based stochastic conformance
checking, we compare the uEMSC values computed by it with the ones
computed by all the other techniques, as provided in the corresponding
papers (from the replicability package [54] of [20], and from Table A.2
of [21]).

5.2. Quality of the stochastic conformance checking task

The results of this evaluation are shown in Figs. 4 and 5. Each
plot corresponds to one of the 11 logs in Table 3(a). For each log, we
show the distribution of uEMSC values obtained for the 10 splits using
each considered stochastic conformance technique. Each distribution is
represented as a box spanning from the first quartile (25th percentile)
to the third quartile (75th percentile), while the horizontal line within
the box indicates the mean value. For the 3 techniques from [21], we
only show the mean value, the only information available in [21].
The labels in the x-axis denote the used technique (qualitative-
discovery-technique stochastic-technique). For our
VLMC-based we do not have this representation because, as discussed,
our technique directly learns a stochastic model (i.e., it learns both the
qualitative and stochastic aspects in a single step).

The results clearly demonstrate the high performance of VLMC-
based stochastic conformance checking. In particular, we outperform
all the other approaches in 10 out 11 datasets (~90%). That is, we
achieve uEMSC values closer to 1, with cases where our uEMSC values
are 3 times larger than all competitor methods (e.g., Fig. 4(j)), or 4
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Table 4
Runtime of our VLMC-based technique for all the datasets considered in Section 5.1.
Each runtime is the mean for all splits. We can easily handle all datasets in seconds.

Log Runtime of VLMC-based method (s)
Process discovery  Stochastic conformance checking

bpicl2-a 9.50E-01 2.38E-03
bpicl3-incidents 3.40E+00 2.67E-03
bpicl3-open problems 3.72E-01 2.22E-03
bpicl3-closed problems 4.36E-01 2.39E-03
bpic17-offer log 3.37E+00 2.51E-03
bpic20-domestic declarations 2.72E+00 2.46E-03
bpic20-international declaration 2.72E+00 2.51E-03
bpic20-prepaid travel cost 9.74E-01 2.36E-03
bpic20-request for payment 2.10E+00 2.35E-03
Sepsis 1.88E+00 2.43E-03
Road traffic fines 1.25E+01 2.31E-03

(e.g., Fig. 4(g)). Instead, there is not a clear winner among the other
techniques.

We note that all the distributions of uEMSC values computed by
our VLMC-based approach are compact, meaning that our approach
does not seem to be particularly affected by specific splits. Instead,
e.g., DFM_DSD creates a particularly spread distribution for one dataset
(Fig. 4(c)).

5.3. Runtime of the stochastic conformance checking task

We conclude the experimental section by discussing the runtime of
our VLMC-based approach. The results are shown in Table 4. We use
all datasets and splits from Section 5.1. All runtimes were computed
as the average of computations on all 10 splits per dataset. We used a
standard laptop machine (Mac M1 Pro).

The table provides runtimes for process discovery, i.e., for learning
the VLMC from each first part of a split, and for stochastic conformance
checking, i.e., computing uEMSC values for each model using corre-
sponding remaining part of the split. We note that our technique can
easily handle all dataset in seconds. In particular, the process discovery
took less than 1 s for 4 datasets, from 1 to 10 for 6 datasets, and
only in one case it took more than 10 (12.5 s). Instead, stochastic
conformance checking took in all cases only a few milliseconds. This is
because VLMCs are particularly efficient in computing likelihoods, with
guaranteed complexity logarithmic in the depth of the model [11].

6. On the impact of noise to VLMC-based stochastic conformance
checking to noise

In this section, we study the performance of our approach in the
presence of noisy data. We use one of the real-life event logs popular
within PM used in Section 5; namely the well-known road traffic
fines [55]. In Section 6.1 we briefly discuss the event log structure
and an extension we do on it to simulate the presence of noise (we
use two classic types of noise studied in the PM community), while in
Section 6.3 we report the numerical evaluation of our approach under
varying percentage of noise.

6.1. The dataset

The road traffic fines dataset [55] is a comprehensive collection that
captures the various steps in the lifecycle of traffic fines, from issuance
to resolution. This dataset is widely used to analyze and enhance the
efficiency and effectiveness of traffic fine management systems and has
been extensively utilized in the process mining community [56-64].
It contains 145800 fine traces recorded between January 2000 and
June 2012. Each trace documents transitions between events such as
Payment, Receive Result Appeal from Prefecture, Cre-
ate Fine, Insert Fine Notification, Send Fine, Send for
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Fig. 4. Comparison of stochastic conformance checking results computed by state-of-the-art approaches from the literature, and by or VLMC-based one. We provide one plot per
PM dataset in Table 3(a). Each plot shows the distributions of uEMSC values obtained over the 10 splits of the dataset for each technique. First 8 datasets out of 11.

Credit Collection, Send Appeal to Prefecture, Insert
Date Appeal to Prefecture, Appeal to Judge, Add Penalty,
and Notify Result Appeal to Offender.

Most traces are short, with an average of four events per trace. In
43% of the traces the process concludes after two events: the fine is
paid (Payment) before the notification letter is sent out (Send Fine).
However, 51% of the traces include five or more events, indicating
more complex processes.

In order to use this dataset for stochastic conformance checking, we
learn a VLMC on the original dataset, and we compute uEMSC on it for
variations of the original log by introducing random noise. In particular,
we considered a randomized version of trace with additional event, one
of the classic notions of noise in PM described in Chapter 5.1.1 of [65].
In fact, for each trace we have chosen an event present in the trace, and
we replicated it a random number of times from 1 to 3, adding the new
events in random positions. We also considered a second type of classic

notion of noise in PM: missing episode of a trace described in Chapter
5.1.1 of [65]. It is important to note that this method allowed us to
generate non-trivial noise. The set of activities appearing in the original
and modified traces is identical (for trace with additional event) or there
is an inclusion relation (for missing episode of a trace), but they differ in
their patterns. Both noise types are applied in controlled percentages
to produce datasets with varying levels of data quality issues, allowing
for a robust testing of our VLMC-based conformance checking.

6.2. Experiments
We now present the results obtained for the two types of noise.

6.2.1. Noise: trace with additional event
In order to apply this noise to a log we followed these steps:
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Fig. 5. Comparison of stochastic conformance checking results computed by state-of-the-art approaches from the literature, and by or VLMC-based one. We provide one plot per
PM dataset in Table 3(a). Each plot shows the distributions of uEMSC values obtained over the 10 splits of the dataset for each technique. Last 3 datasets out of 11.

Table 5

Impact of noise trace with additional event on uEMSC metric. The first column shows
the percentage of traces affected by duplicative noise (5% to 40%), while the second
column displays the corresponding uEMSC values.

Table 6

Impact of noise missing episode of a trace on uEMSC metric. The first column shows the
percentage of traces affected by removal noise (5% to 40%), while the second column
displays the corresponding uEMSC values.

%Noise uEMSC %Noise uEMSC
5 0.947 5 0.949
10 0.898 10 0.901
15 0.849 15 0.854
20 0.800 20 0.805
25 0.751 25 0.757
30 0.701 30 0.710
35 0.652 35 0.662
40 0.602 40 0.614

+ Select a random percentage of process instances (cases)

« For each selected case, randomly choose one event to duplicate

+ Create from 1 to 3 duplicates of the chosen event, maintaining all
original attributes

+ Slightly adjust timestamps of duplicated events to preserve the
chronological order

By following this procedure, we preserved the total number of
unique cases while increasing the total event count. This noise sim-
ulates real-world data recording errors like system glitches, double-
clicking, network issues causing retransmission, or redundant data
entry. It increases the frequency of specific activities without altering
the case structure or removing information.

Table 5 reports the uEMSC values computed by using our VLMC-
based technique under an increasing percentage of noisy cases. The
table demonstrates the impact of this type of noise on the uEMSC
metric, showing a clear negative correlation between noise and con-
formance levels. As the percentage of noisy traces increases from 5%
to 40%, the uEMSC score steadily decreases from 0.947 to 0.602,
indicating that this type of noise linearly degrades the model’s ability
to accurately represent the underlying process.

6.2.2. Noise: missing episode of a trace
We apply this type of noise using steps similar to the ones from the
previous section:

+ Select a random percentage of process instances (cases)

« For each selected case, randomly remove from 1 to 3 events
- Ensure that each case retains at least one event after noise appli-
cation

This type of noise simulates data loss where events fail to be
recorded. For example, these could represent events that were executed
but not captured in the information system due to manual recording
errors, system crashes, or connectivity issues. It creates gaps in process
execution traces that can significantly impact PM results.

Table 6 reports the uEMSC values computed using our VLMC-based
technique under an increasing percentage of noisy cases. The table
illustrates the effect of this type of noise on the uEMSC metric, revealing
a consistent degradation in process model quality as noise increases.
As the percentage of traces affected by event removal rises from 5% to
40%, the uEMSC score systematically decreases from 0.949 to 0.614,
demonstrating how missing events linearly compromise the model’s
ability to accurately capture the true process behavior.

The two types of noise have a similar impact on VLMC-based
stochastic conformance checking, with the latter leading to slightly
better uEMSC values.

6.3. Towards VLMC-based SCC more flexible for noise
Our experiments suggest that VLMC-based SCC is sensible to noise

in the data in a linear way. In future works, we plan to improve the
flexibility of our approach towards noise. Intuitively, we have discussed
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how to use VLMCs to compute the likelihood for a trace to be generated
by them. This is computed iteratively by multiplying the likelihood of a
number of sub-traces, where the number of necessary sub-traces varies
trace by trace to handle complex dependencies on the memory of the
model.

We have seen how this approach can produce very accurate results
for noiseless data. However, it can be too restrictive in the presence
of noise. A number of complementary proposals exist in the VLMC
literature aiming at making VLMCs more tolerant to noisy data, even
if not focusing on conformance checking. One common approach is
the use of smoothing techniques, such as Laplace or Bayesian smooth-
ing [66], which help assign a small probability to events that were not
observed during training, thus potentially allowing to compute non-
zero likelihood for traces altered by noise. Another possible strategy
is to combine VLMCs with the so celled skip-gram method [67,68].
It extends the traditional VLMC framework by permitting gaps in the
context (see Section 3.2), enabling the model to handle cases where
noise introduces duplications or omissions of events (like the noise
considered in the previous sections).

In what follows, we present an example sketching the use of skip-
grams to compute the likelihood of a noisy version of the trace from Eq.
(3). In particular, we duplicate the event Test:

L(Begin, 0, Test, Test, 0, End) 6)

We consider a VLMC model mined on noiseless data (see the PST of
Fig. 2). Given that in the training data the context Begin, O, Test
was never followed by Test, we have

Pr(Test | Begin, 0, Test) = 0. 7

This leads to a likelihood of value O for the whole trace in Eq. (6).

In order to obtain a likelihood measure that is more robust to
noise, we apply the so-called skip-gram method. This method includes
a parameter named skip, which represents the number of activities in
a noisy context that can be skipped to back off to a context observed
during training. Intuitively, by back off to a context we mean that, when
computing likelihoods, we replace the computation of probabilities of
sub-traces such as the one in Eq. (7) by a weighted sum of probabilities
including prefixes of the context. By setting a skip parameter of n, we
are allowed to use prefixes of contexts with up to n fewer symbols. In
this example, we set the skip parameter to 1, as it should be enough
to ignore the duplicate event (i.e., the noise Test). By doing so, we
back off to the context Begin, 0. Given that the training data contains
traces where Test follows these two symbols, we expect to get non-
zero likelihood. In particular, the computation of probability in Eq. (7)
is replaced by the following weighted sum:

Prgip(Test |Begin, 0, Test)
= A Pr(Test|Begin, 0, Test) + (1 — A) Pr(Test|Begin, 0)

where 0 < 4 < 1 is a hyperparameter that controls the relative
weighting between the actual (in this case noisy) context, and the
skip-gram one.

Choosing, for example, 1 = 0.7 (i.e., assigning 70% weight to the
direct context and 30% to the skip-gram context), we obtain:

Pryip(Test | Test, 0,Begin) =0.7-0+0.3-1.0=0.3.

Thus, even though the VLMC trained on noiseless data never observed
Test following Begin, 0, Test (i.e., Pr(Test | Begin, 0, Test) = 0), the
skip-gram technique enables us to assign a non-zero probability to the
noisy trace, compensating for the duplicated event.

7. Conclusion and future works
We introduced a novel approach to stochastic conformance checking

(SCC) based on techniques from software performance engineering
(PE) for the synthesis (i.e., mining) of Markovian processes from logs
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(program execution traces). In particular, we use state-of-the-art tech-
niques from PE to learn higher-order Markovian models known as
Variable-length Markov Chains (VLMC). Basing on an easy-to-compute
and accurate notion of likelihood, we compare a log with a model
by stochastic conformance checking. In particular, we use the stan-
dard SSC measure unit Earth Movers’ Stochastic Conformance (WuEMSC).
Taking inspiration from the SCC literature [20,21], we perform a rich
experimental comparison with 18 SCC competitor techniques using 11
popular benchmark datasets. We find that our approach outperforms
the state-of-the-art in 10 out of 11 datasets. That is, we get better values
of uEMSC (i.e., closer to 1). We also perform a preliminary study of
the impact of noise in traces to our approach, and sketch an extension
mitigating it.

Future works. A number of process mining techniques have been
proposed particularly tailored for specific problems. For example, the
approach in [6] allows to perform stochastic conformance checking
ignoring small variations in traces by considering only partial match-
ings [6]. We plan to extend the flexibility of our approach towards
partially matching traces, and evaluating how this may help also in
handling incomplete [2] or noisy logs [65]. We have sketched an
approach for this based on related works from the VLMC literature. This
will lead to computing less precise but more permissive likelihoods. In
process mining, approaches that do not present enough flexibility to
handle the data at hand tend to produce very detailed and large models
which overfit the data and are known as spaghetti models. A possible
way to increase the flexibility of our approach in such cases could
be investigating reduction and approximation techniques to simplify
models as done in quantitative formal methods (e.g. [69-72]).

As we have seen, VLMCs can be compactly represented by proba-
bilistic suffix trees (PST). There is a parallel among PSTs and procedural
models like BPMN or Petri nets: all are compact representations able
to represent large complex behavior. In this sense, a direction to
pursue is evaluating and enhancing the explainability of our approach.
This might involve studying automated analysis techniques for these
formalisms like (statistical) model checking [73-75], or studying how
informative for practitioners are PSTs compared to procedural lan-
guages, or inventing encodings of PSTs into procedural languages,
thus linking our approach to information systems. Another direction
to pursue is to investigate alignment procedures, a central feature
of conformance checking, and techniques predictive monitoring using
transition systems [76]. We are also interested in considering dynamic
models which may evolve jointly with a data process. This may involve,
e.g., defining dynamic variants of our context. In process mining,
there may be an interest in representing forms of non-determinism in
stochastic models. This is a limitation for VLMCs. In fact, VLMCs are
(higher order) Markov chains, and therefore do not admit any non-
determinism. In order to add non-determinism, one would have to
move from Markov chains to Markov decision processes. We plan to
investigate this extension.

modeloThis is our first attempt in narrowing the gap between the
process mining and software performance engineering communities,
possibly fostering cross-fertilization and opening new avenues for ap-
plications of stochastic conformance checking. For example, the high
improved accuracy in stochastic conformance checking, based on tight
likelihood estimations of single traces, may enable the stochastic ex-
tension of online conformance checking techniques (e.g., [77,78]), and
enable tasks of multi-labeled classification: to which stochastic process
belongs a given trace? (e.g., [79], where one of the results is that non-
stochastic conformance checking alone is not enough to succeed in
classification tasks, requiring to integrate it with machine learning
approaches). We may also extend our approach towards the time per-
spective, by introducing notions of continuous-time VLMCs. Finally, we
will investigate the integration of our approach with the ones based on
product lines in [80,81], able to express complex constraints on data
and resources.
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