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A B S T R A C T

This paper investigates whether dry-friction can affect the detection of damages in the context
of structural dynamics tests. The problem is confronted through a MDOF system with a single
Coulomb contact and a harmonic excitation, in the presence of two damage scenarios, namely
the loss of a member connectivity and a reduction of the artificial damping, also considering
different locations of the frictional contact and the input excitation. In particular, we derive the
trends of the damage signature with respect to the friction-over-excitation ratio. In this way, it
was possible to correlate the amplitude of the damage signature to the properties of the system
in the stick–slip or in the stuck regime. The investigation is also pursued through experimental
tests with the same damage scenarios applying a variation of the friction ratio of one order of
magnitude. Results confirm the theoretical trends and suggest that the choice of the friction
ratio can also determine the appearance of false negatives for a given confidence level.

. Introduction

Many engineering structures exhibit hysteretic behavior due to dry-friction at the connections. In particular, in linkage
echanisms, a lightweight truss frame is allowed to unfold by the presence of no-lubricated pinned joints [1]. In the context of

tructural dynamics characterization, these structures are inherently nonlinear in the sense that the response to external excitation
s already nonlinear in the safe condition. Consequently, the modal parameters can be found dependent on the vibration amplitude
ased on whether the external excitation breaks the joints friction [2–5]. In this regard, extensive literature attempted to take
dvantage of dry friction as a source of damping [6–8] and/or vibration control [9–11], while little attention has been paid to
ossible damage detection implications [12].

Thereupon damage detection is often pursued by interrogating the structure under a single level of the excitation due to practical
easons, like the limited power capabilities of the exciters and the use of environmental excitation [13]. In this regard, to the best
f the Authors’s knowledge, it misses an adequate investigation of how a damage signature evolves with the excitation level in
he presence of dry-friction. Hence the present work delves theoretically and experimentally with the open topic suggested by

orden [14], that is understanding whether frictional nonlinearity can be exploited in a damage detection sense.
Previous works proposed models of frictional oscillators, most of them adopting the Coulomb’s law formulation. As authoritative

xamples, Den Hartog [15] and Yeh [16] found closed-form solutions to steady-state forced vibrations, but in the hypothesis of no
tandstill, i.e zero stops. On the other side, the works of Pratt [17] and Hong [18] deepened into the sticking response of a single-
egree-of-freedom (DOF) system. In particular, through mixed analytical and numerical approaches, they classified the steady-state
ehavior in terms of the number of stops-per-cycle, and with respect to a friction ratio (Coulomb force threshold over excitation
evel) and a frequency ratio. The extension to multiple DOFs [19–21] was confronted experimentally [22,23] and numerically by
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several techniques, such as time-domain [24], incremental harmonic balance [6,25], linearization [26,27], state-space shooting [28],
and even analytically [29–31], under the assumption of no viscous damping and single frictional contact.

In this paper, we investigate whether dry-friction can affect the detection of damages in the context of structural dynamics tests.
o this end, we utilize a MDOF model with combined Coulomb and viscous damping, subjected to harmonic excitation. Our research

s focused on the global modes of linkage structures and, consequently, damage scenarios are represented by major changes, i.e. the
oss of a member connectivity and a reduction of the artificial damping.

In particular, the damage signature is computed over the friction ratio from the stick–slip regimes up to a high-friction regime
n which the mass in contact stays in permanent stick (fully-stuck). In this way, we ascertained whether the use of a low or a high

friction level can enhance the detection of damage which is the main objective of this work. Besides we also analyzed the effect
of the damage extent and the location of the frictional contact and the external excitation. Thus it was possible to correlate the
damage signature to the properties of the system for different combinations of system parameters and friction/excitation location.

Finally, the investigation is addressed experimentally by performing structural dynamics tests on a pantograph mechanism for
railway application. The aforementioned damage scenarios were replicated and the friction ratio varied over one order of magnitude.
Therefore we show how, for a given damage scenario, the choice of low or high friction ratios can be detrimental because false
negatives were found.

The paper is structured as follows. The formulation and the analytical expressions are derived in Section 2. In Section 3, the
damage scenarios are introduced together with the choice of parameters for simulations. Section 4 shows the result of the numerical
analysis of the damage signature over the friction ratio. Section 5 is devoted to the experimental structural dynamics tests. Section 6
synthesizes the work and discusses the conclusions.

2. Stick-slip and fully-stuck motion regimes in structural dynamics tests

For the sake of generality, the structure under test is represented as the 𝑛-DOF system, depicted in Fig. 1(a), consisting of a series
of lumped masses 𝑚𝑖, springs with stiffness 𝑘𝑖, and viscous dampers with coefficients 𝑐𝑖, for 𝑖 = 1,… , 𝑛.

2.1. Hypotheses

The following hypotheses are assumed:

• the system is excited on the 𝑑th mass, e.g. the driven point - (𝑚𝑑 in Fig. 1(a)) - by a harmonic load of amplitude 𝑄0, and
frequency 𝜔. This excitation is applied by an external exciter and it represents the system input in a structural identification
sense;

• the steady-state displacement 𝑥𝑑 of the driven-point under the external excitation is admitted to be the system output; the
existence of a periodic steady-state response has been investigated by several authors [32–34] for SDOF systems while stability
properties have not been explored for MDOF systems with a friction contact. Nevertheless, the numerical investigations carried
out in this study have shown convergence of the response to a unique steady-state solution for most sets of parameters;

• a single Coulomb contact exists, characterized by a friction force of amplitude 𝐹 that occurs on the 𝑗th mass (𝑚𝑗 in Fig. 1(a)).
Besides the mass in contact does not coincide with the driven-point, i.e. 𝑗 ≠ 𝑑. The Coulomb friction force can be written as:

𝐹 (�̇�𝑗 ) =

⎧

⎪

⎨

⎪

⎩

𝐹0, �̇�𝑗 > 0
[−𝜇, 𝜇], �̇�𝑗 = 0
−𝐹0, �̇�𝑗 < 0

(1)

where: 𝜇 ≥ 1 is the ratio between the static and the kinetic values of the friction force. It should be observed that when �̇�𝑗 = 0
the aforementioned function is mathematically undefined. Besides the value assumed in such a static condition, included
between −𝜇 and 𝜇, ensures that the system is in equilibrium until the mass stays still. No other nonlinearities are present in
the system.

2.2. Formulation of the problem

Let us introduce the stiffness coefficient 𝑘, as follows:
{

𝑘 = 𝑘𝑗+1, if 𝑗 < 𝑑
𝑘 = 𝑘𝑗−1, if 𝑗 > 𝑑

(2)

The same criterion applies to the definition of the mass 𝑚, and the viscous damping coefficient 𝑐.
For the sake of simplicity, the formulation of the problem will be described with respect to a 2DOF system, represented in

Fig. 1(b), where 𝑗 = 1, 𝑑 = 2. Moreover, the dynamic properties of the structure can be described by referring to the following
non-dimensional groups (𝑖 = 1, 2, with 𝑖 ≠ 𝑑):

• the frequency ratio 𝜌 = 𝜔∕
√

𝑘∕𝑚;
• the friction ratio 𝛽 = 𝐹0∕𝑄0
• the mass ratio 𝛾 = 𝑚 ∕𝑚;
2
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Fig. 1. (a) MDOF system for structural dynamics test with one frictional contact on the 𝑗th mass. The driven-point mass (𝑚𝑑 ) is subjected to external harmonic
excitation and its displacement is admitted to be the structural output response. (b) 2DOF reference model with non-dimensional parameters.

• the stiffness ratio 𝜆 = 𝑘1∕𝑘;
• the damping ratio 𝛼 = 𝑐1∕𝑐;
• the non-dimensional time 𝜏 = 𝜔𝑡
• the non-dimensional mass displacements: �̄� = [𝑥1; 𝑥2] 𝑘∕𝑄0

Therefore, it is possible to write the governing equation of the system in the following non-dimensional matrix form:

𝐌�̄�′′ + 𝐂�̄�′ +𝐊�̄� + 𝐟 = 𝐪 (3)

where:

• 𝐌 is the mass matrix:

𝐌 = 𝜌2
[𝛾 0
0 1

]

(4)

• 𝐊 is the stiffness matrix:

𝐊 =
[1 + 𝜆 −1
−1 1

]

(5)

• 𝐂 is the damping matrix:

𝐂 =
𝜌𝑐

√

𝑚𝑘

[1 + 𝛼 −1
−1 1

]

(6)

• 𝐟 is the Coulomb friction force vector:

𝐟 = 𝛽 sgn(�̄�′𝑗 )
[𝛿𝑗1
𝛿𝑗2

]

(7)

• 𝐪 is the external excitation vector.

𝐪 = sin(𝜏)
[𝛿𝑑1
𝛿𝑑2

]

(8)

In Eqs. (7)–(8), the symbol 𝛿 stands for the delta function. The symbol ’ indicates the derivative with respect to the non-dimensional
time 𝜏.

2.3. Motion regimes

Based on the state of the mass in contact, the response of the frictional system under the external excitation can be of three
kinds:
3
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Fig. 2. (a) Schematics of a 2DOF system with frictional contact on 𝑚1 and external excitation on 𝑚2 in the possible frictionless, stick–slip/continuous, and
fully-stuck regimes. (b) Motion regimes in the parameter space 𝜌 − 𝛽 for 𝜆 = 4, 𝛾 = 5, 𝛼 = 0, 𝜉∗ = 0.5 ⋅ 10−2. (c)–(d)–(e) Phase plots for the contact mass 𝑚1 (left)
and the driven-point mass 𝑚2 (right), for different values of the frequency ratio and a friction ratio 𝛽 = 0.25.

• continuous (non-sticking);
• stick–slip;
• stuck.

In terms of our formulation, the onset of each regime depends on both the frequency 𝜌 and the friction ratio 𝛽. First, we define
an auxiliary frictionless system for which 𝛽 = 0. In this case, the system dynamics is governed by the standard modal analysis
quantities [35]. Let us denote as 𝛺𝑖 the natural frequencies of the frictionless system in the physical space. Hence, the natural
frequencies of the non-dimensional system can be expressed as:

�̄�𝑖 =
𝛺𝑖
𝜔

= 1
𝜌

[

(𝛾 + 𝜆 + 1) ∓
√

(𝛾 + 𝜆 + 1)2 − 4𝛾𝜆
2𝛾

]
1
2

(9)

Expressions for the modal vectors can be found in Appendix A.
In the continuous regime, at each time instant 𝜏 the sum of all the non-inertial forces on the mass in contact is above the static

friction force. Consequently, the mass in contact exhibits only two stops per cycle which are located at the maximum and the
minimum of the response, i.e. �̄�′ = 0. The condition determining such a condition can be found in Appendix A.
4
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In the stick–slip regime, the mass in contact alternates sliding and stuck phases, and for a given damping factor, a number of
tops-per-cycle may occur depending on the frequency 𝜌 and the friction ratio 𝛽 [18].

Lastly, the mass in contact remains in a permanent stuck condition when the sum of all the elastic/damping forces is below the
friction force. However, some of the remaining masses of the system can still exhibit a dynamic response, depending on the location
of the driven-point and the friction contact. The reduced system will be referred to as fully-stuck.

As an example, when 𝑗 = 1, 𝑑 = 2, the fully-stuck configuration is represented by the system with the SDOF �̄�∗2, while the first
mass is replaced by a fixed wall, as shown in Fig. 2. Hence the response of the fully-stuck system is linear and it can be derived
from standard modal analysis. It is immediate to obtain that the zero-frequency solution is �̄�∗2 (𝜌 = 0) = 1.

What is more, the response of the fully-stuck system will be characterized by different frequencies and different damping ratios
compared to those of the frictionless system. For instance, the natural frequency of the fully-stuck mode is �̄�∗:

�̄�∗ =

√

𝑘∕𝑚
𝜔

= 1
𝜌

(10)

which is located between the natural frequencies of the frictionless system �̄�𝑖 expressed by Eq. (9). Instead, the damping ratio 𝜉∗

is:

𝜉∗ = 𝑐

2
√

𝑚𝑘
(11)

Therefore the condition for the arousal of the fully-stuck regime can be written as [23,29,31]:

𝑘�̄�∗𝑗 < 𝛽 (12)

When dealing with a 2DOF system, the previous Eq. (12) becomes:
1

√

(1 − 𝜌2)2 + 4 𝜉∗2 𝜌2
< 𝛽 (13)

lternatively, for a given friction ratio, one can find the breakaway frequencies at which the system undergoes the transition from
he stick–slip to the fully-stuck regime. Namely, the stick–slip regime holds in the frequency interval 𝜌𝐵1

≤ 𝜌 ≤ 𝜌𝐵2
where 𝜌𝐵1,2

are
he breakaway frequencies, expressed by:

𝜌𝐵1
=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, 𝛽 ≤ 1
[

1 − 2𝜉∗2 −
√

(

1 − 2𝜉∗2
)2 −

(

1 − 1
𝛽2

)

]
1
2

, 𝛽 > 1
(14)

𝜌𝐵2
=
⎡

⎢

⎢

⎣

1 − 2𝜉∗
2
−

√

(

1 − 2𝜉∗2
)2 +

(

1 − 1
𝛽2

)

⎤

⎥

⎥

⎦

1
2

(15)

Outside this interval, the system will stay in the fully-stuck regime. The reader should also note that for 𝛽 = 1 the breakaway
frequency 𝜌𝐵2

coincides with
√

2
(

1 − 2𝜉∗2
)

which tends to
√

2 in the case of very low damping.
Lastly, a limit friction ratio 𝛽𝑙𝑖𝑚 must be introduced:

𝛽𝑙𝑖𝑚 = 1

2𝜉∗
√

1 − 𝜉∗2
(16)

for values of 𝛽 larger than 𝛽𝑙𝑖𝑚, the mass in contact will stay stuck for all the frequencies.
In Fig. 2(b), the motion regimes of the frictional system are pictured in the plane (𝜌, 𝛽), for the following set of non-dimensional

parameters: 𝜆 = 4, 𝛾 = 5, 𝛼 = 0, 𝜉∗ = 0.5 ⋅ 10−2. The phase plots of the corresponding frictionless and fully-stuck configurations are
shown for different values of the frequency ratio together with the nonlinear trajectories of the mass in contact and the driven-point
for 𝛽 = 0.25. In particular, at low-frequency ratios, Fig. 2(c), the system is in the stick–slip regime and the frictional trajectories
present a number of humps due to the stops of the mass in contact. For higher values of the frequency, the system undergoes the
continuous, Fig. 2(d), and the fully-stuck regimes, Fig. 2(e). Consequently, no more stops are found and the frictional trajectories
resemble the typical elliptic paths of the linear frictionless and fully-stuck solutions. In this regard, one can observe that the trajectory
of the driven-point is closer to the frictionless solution when 𝜌 = 0.83, while it coincides with the fully-stuck when 𝜌 = 2.4.

.4. Transmissibility function in the frequency domain

A common way to synthesize the response to harmonic excitation is to represent the time-series response in the frequency domain.
owever, it should be considered that due to stick–slip transition, the spectral content of the response �̄�𝑖 (𝜏) 𝑖 = 1,… , 𝑛 is in general

pread over a multitude of frequency bins other than the excitation frequency 𝜌𝑑 . Nonetheless, these spurious harmonics can be
eglected for the purpose of this study, since we found that their amplitude is around two orders of magnitude smaller than the
5
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Fig. 3. Displacement transmissibility function (magnitude) for a 2DOF system with frictional contact on 𝑚1 and external excitation on 𝑚2 for different values of
the friction ratio 𝛽 (𝜆 = 4, 𝛾 = 5, 𝛼 = 0, 𝜉∗ = 0.5 ⋅ 10−2). (a) Response of the contact mass 𝑚1. (b) Response of the driven-point 𝑚2.

excitation frequency. Hence the response of the driven-point is assumed to be a mono-harmonic function at the frequency ratio 𝜌𝑑
and consequently, we introduce the transmissibility function �̄�𝑖 as follows:

�̄�𝑖
(

𝜌𝑑
)

= 
[

�̄�𝑖 (𝜏)
]

𝜌=𝜌𝑑
(17)

where  stands for the Fourier transform. In other words, only the principal harmonic is retained from the entire transform signal

[

�̄�𝑖 (𝜏)
]

.
The displacement transmissibilities are shown against the frequency ratio for the contact mass and the driven point, in the

magnitude plot of Fig. 3(a)–(b), respectively, for the same system parameters of Fig. 2. In Fig. 3 the friction ratio ranges in
[0.25 − 0.5 − 1 − 2 − 4]. In particular, when 𝛽 < 1, the driven-point transmissibility shows two resonance peaks at the natural
frequencies of the frictionless system, but the amplitude of the peaks is attenuated as 𝛽 increases, due to frictional damping. For
𝛽 = 2, only the first resonant peak 𝛺1 is visible, but with a significant damped shape. Finally, for 𝛽 = 4, no more peaks are visible,
but the response shows a hump around the natural frequency of the fully-stuck system equal to 1. The properties of the breakaway
frequencies highlighted by Eqs. (14)–(15) are shown by the transmissibility function of the contact mass, in Fig. 3(a). For example,
when 𝛽 = 0.25, the breakaway interval corresponds to [0 − 3], while it reduces to [0.75 − 1.25] when 𝛽 = 4. As a consequence,
increasing the friction ratio also increases the frequency interval in which the response of the contact mass is null (fully-stuck). As it
will be shown, such a change in the shape of the response curves is crucial for structural identification analysis and fault detection.

3. Modeling of damage scenarios

In this work, the following damage scenarios have been considered:

• loss of member connectivity
• reduction of the artificial viscous damping

For each scenario, two configurations have been modeled to include the effect of different relative locations of the frictional contact
and the driven-point with respect to the damage. According to the nomenclature introduced in Section 2.2, configuration 1 is defined
by 𝑗 = 1, 𝑑 = 2, while configuration 2 is associated with 𝑗 = 2, 𝑑 = 1.

3.1. Loss of member connectivity

The loss of members connectivity represents one of the effects that in real structures are possibly due to damage in a bolted or a
welded connection [36]. In particular, the break of a joint between two or more links generates additional DOFs which can modify
the response features of a structural vibration test.

In the model of Fig. 4, the member with loss of connectivity is modeled by introducing a further spring–mass element at the
end of the chain, defined through the non-dimensional stiffness 𝜈, and the non-dimensional mass 𝛿, which are treated as additional
system parameters. A viscous damping coefficient 𝜂 was also added, associated with the relative motion of the damaged mass with
respect to the mass 𝑚.

In both the configurations, the masses two and three are supposed to be rigidly coupled
(

𝑚2 = 𝑚(1 + 𝛿)
)

when the connection is
safe and hence the structure has 2DOF, i.e. �̄� = �̄� . Contrariwise, in the damaged condition, the motion of the third mass becomes
6
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Fig. 4. Frictionless and fully-stuck configurations of a 2DOF system in the safe and the damaged condition. Damage implies the loss of a member connectivity
and the emergence of a further DOF. Two possible locations of the driven-point and the frictional contact are considered (left and right).

independent of �̄�2, and a further mode appears, or Damage Induced Mode (DIM), since the system gains a third DOF �̄�3. Accordingly,
the same system matrices for the frictionless regime can be written for both configurations:

𝐌𝑆 = 𝜌2
[

𝛾 0
0 1 + 𝛿

]

𝐌𝐷 = 𝜌2
⎡

⎢

⎢

⎣

𝛾 0 0
0 1 0
0 0 𝛿

⎤

⎥

⎥

⎦

(18)

𝐊𝑆 =
[

1 + 𝜆 −1
−1 1

]

; 𝐊𝐷 =
⎡

⎢

⎢

⎣

1 + 𝜆 −1 0
−1 1 + 𝜈 −𝜈
0 −𝜈 𝜈

⎤

⎥

⎥

⎦

(19)

𝐂𝑆 =
𝜌 𝑐

√

𝑚𝑘

[

1 + 𝛼 −1
−1 1

]

; 𝐂𝐷 =
𝜌 𝑐

√

𝑚𝑘

⎡

⎢

⎢

⎣

1 + 𝛼 −1 0
−1 1 + 𝜂 −𝜂
0 −𝜂 𝜂

⎤

⎥

⎥

⎦

(20)

where the superscripts 𝑆 and 𝐷 stand for the safe and the damaged condition respectively. Hence, based on these system matrices,
we can expect the driven-point transmissibility �̄�𝑑 to be influenced by the onset of the additional DOF, at least when no friction is
present, for both configurations.

Instead, a dependency on the location of the frictional contact/excitation emerges when the fully-stuck regimes are considered.
Indeed in the configuration 1, we have the following system matrices:

𝐌∗𝑆 = 𝜌2 (1 + 𝛿) ; 𝐌∗𝐷 = 𝜌2
[

1 0
0 𝛿

]

(21)

𝐊∗𝑆 = 1; 𝐊∗𝐷 =
[

1 + 𝜈 −𝜈
−𝜈 𝜈

]

(22)

𝐂∗𝑆 =
𝜌𝑐

√

𝑚𝑘
; 𝐂∗𝐷 =

𝜌𝑐
√

𝑚𝑘

[

1 + 𝜂 −𝜂
−𝜂 𝜂

]

(23)

In other words, the mass, stiffness, and damping properties of the driven-point are altered when passing from the safe to the damaged
condition. Contrariwise, in the configuration 2, the fully-stuck matrices result:

𝐌∗𝑆 = 𝜌2𝛾; 𝐌∗𝐷 = 𝜌2
[

𝛾 0
]

(24)
7
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Fig. 5. Frictionless and fully-stuck configurations of a 2DOF system in the safe and the damaged condition. Damage implies the reduction of the artificial
damping coefficient 𝛼 located between the wall and the first mass. Two possible locations of the driven-point and the frictional contact are considered (left and
right).

𝐊∗𝑆 = 1 + 𝜆; 𝐊∗𝐷 =
[

1 + 𝜆 0
0 𝜈

]

(25)

𝐂∗𝑆 =
𝜌𝑐 (1 + 𝛼)
√

𝑚𝑘
; 𝐂∗𝐷 =

𝜌𝑐
√

𝑚𝑘

[

1 + 𝛼 0
0 𝜂

]

(26)

which shows that the coefficients of the driven-point are unchanged by the additional mass because the first and the third DOF are
dynamically uncoupled. Details about how damage affects the natural frequencies, the damping ratios, and the modal shapes can
be found in Appendix B.

3.2. Reduction of the artificial viscous damping

Viscous damping is a crucial mechanism for energy dissipation adopted in most structures. In particular, in linkage structures,
artificial dampers are intentionally introduced to control the velocity of certain critical points [2,3,5,37]. Usually, such artificial
damping is realized through hydraulic dashpots, in which the dissipating mechanism is generated by the flux of oil (or air) through
designed paths. Common faults in hydraulic dampers are the break of the sealings or the sticking of the piston which in turn imply
a significant variation of the viscous damping capability. In this work, we have considered the reduction of artificial damping as
being a critical damage scenario for the safe operation of a structure. The correspondent model schemes for the frictionless and the
fully-stuck regimes are represented in Fig. 5, where for both the configurations the artificial damper is located between the wall
and the first mass 𝛾𝑚.

The system matrices are the same as Eqs. (4)–(5)–(6) for both the safe and the damaged condition. Indeed, the arousal of the
damage simply implies a variation of the dimensionless damping coefficient from the nominal value 𝛼𝑆 to 𝛼𝐷. On the other side, a
relevant difference emerges between configuration 1 and 2. Indeed, in configuration 1, it can be observed that the variation of the
damping coefficient has no effect on the fully-stuck regime since the artificial damper is uncoupled from the driven-point due to
the sticking of the contact mass. Instead, in configuration 2, the driven-point is potentially affected by the damage of the damper
also in the fully-stuck regime. Details about how damage affects the natural frequencies, the damping ratios, and the modal shapes
can be found in Appendix B.
8
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3.3. Choice of parameters

Based on the previous considerations, it emerges that the difference between the transmissibility functions of the frictionless and
he fully-stuck regimes plays a key role in the impact of dry-friction on damage detection. Moreover, for a given damage scenario,
he extent of the damage signature on the transmissibility function depends on the values of the system parameters.

In this regard, a multitude of instances might occur, in which the introduced damage can be more or less reflected by the
ransmissibility function, depending on the combined effects of all the mass, stiffness, and damping coefficients of the model. What
s more, no simple analytical expression can be found stating whether the frictionless and the fully-stuck response at the driven-
oint collide, due to the complicated expressions of the transmissibility functions when the number of DOF becomes relevant. As a
onsequence, the choice of parameters for simulations needs to be discussed.

Starting with the loss of member connectivity, it turns out that for high values of 𝜆 and 𝛾, e.g. 𝜆 = 10 or 𝛾 = 10, the
transmissibility function in both the frictionless and the fully-stuck regimes is mostly constant over the arousal of the additional
DOF �̄�3. Consequently, we set 𝜆 = 0.1 and 𝛾 = 0.1.

Instead, some engineering considerations can be done about the properties of the member with loss of connectivity. In this regard,
we have considered that in the real structure corresponding to Fig. 4, the additional spring–mass element represents a beam that
is integral with the mass 𝑚 and the stiffness 𝑘 in the safe condition. Hence, the stiffness 𝜈 can be expected as of the same order of
magnitude as 𝑘, and thus a parametric study was carried out for two levels of the non-dimensional stiffness, 𝜈 = [0.5; 1.5]. Instead,
the mass 𝛿 is expected to be a fraction of the initial mass 𝑚2 = 𝑚(1+ 𝛿). For this reason, we set 𝛿 = [0.05; 0.15]. On the other side, for
evaluating the effect of the damage extent, five levels of 𝜈 were considered ranging in the interval [0.375–0.75–1.5–3–6] while all
the other parameters were kept constant. Since the safe condition is associated with a theoretically infinite value of this stiffness,
one can conclude that the lower is 𝜈 the more the extent of the damage.

In the scenario of damping reduction, four data sets were modeled, associated with two levels of each of the non-dimensional
parameters, namely: 𝜆 = [0.1; 10] and 𝛾 = [0.1; 10]. In this way, a wide range of possible structures was considered. In the parametric
study, we set 𝛼𝐷 = 0.1 𝛼𝑆 expressing a reduction of one order of magnitude in the damping coefficient. On the other side, to
evaluate the effect of the damage extent, simulations were performed for five levels of the ratio 𝛼𝐷∕𝛼𝑆 ranging in the interval
[0.1–0.125–0.167–0.25–0.5]. One can conclude that the damage extent is higher for the lower values of 𝛼𝐷∕𝛼𝑆 .

As discussed in Section 3.2, damping is a crucial feature for most structures, and hence viscous dampers are included in the
models. Nevertheless, the choice of modal damping ratios is not obvious. In this work, the viscous damping coefficients are tuned to
obtain desired values of the modal damping ratios with the purpose of saving computational time. Indeed, the number of integration
cycles to achieve a stationary solution of Eq. (3) significantly decreases with the damping of the system. In the same way, also the
frequency resolution required to analyze the transmissibility functions is proportional to the modal damping, and this especially
occurs around the resonances and the zeros frequencies, where the shape of �̄�𝑑 is further sharpened. Through an optimization
routine, the values of 𝑐 and 𝛼 were found to determine a desired value of the damping ratios 𝜉1,2 for both the frictionless modes of
the safe system, while constraining the damping ratio of the stuck mode 𝜉∗ above a threshold. Then, the value of 𝜂 is chosen such
that the damping ratio of the damage-induced mode is equal to 0.05%. The values of these damping ratios were tuned with respect
to the integration routine discussed in Appendix C.

Finally, three values were considered in each dataset for the friction ratio - 𝛽 = [0.1; 1; 10] - in order to explore the effects of
dry-friction over two orders of magnitude.

3.4. Numerical integration

Analytical solution to the response of a MDOF system with single Coulomb contact can be found only in the hypothesis of no
damping and continuous motion regime [15,31]. Hence, integration of Eq. (3) requires in general a numerical procedure due to the
presence of the nonlinear friction term 𝐟 . To this end, we opted for a direct numerical integration based on the Newmark method.
When dealing with general nonlinearities, the so-called implicit formulation can be straightforwardly adopted since it ensures
unconditional stability. Yet, iterations are required at each time instant to guess the value of the acceleration at the subsequent
step.

Nonetheless, one can notice that the response of a MDOF system with a single Coulomb nonlinearity is piece-wise linear. Indeed,
in each of the possible motion regimes, Eq. (3) can be linearized since the friction term disappears (stick phases) or it reduces to
a constant (slip phases). Hence the explicit Newmark formulation [38] can be adopted throughout each phase of the motion. The
discussed integration routine was coded and executed through a commercial platform for numerical computing (Matlab R2019a).
Details about the treatment of the state transitions from stick–slip to fully-stuck regime, and the choice of the parameters of
integration can be found in Appendix C.

4. Numerical results

This section is devoted to evaluating the impact of stick–slip and fully-stuck regimes on damage detection. The damage detection
features the analysis of the displacement transmissibility function defined in Eq. (17). In particular, the error 𝜀 is evaluated over
the frequency interval

[

𝜌𝑖; 𝜌𝑓
]

:

𝜀 =
∫ 𝜌𝑓𝜌𝑖 |�̄�𝑆

𝑑 − �̄�𝐷
𝑑 | 𝑑𝜌 (27)
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Fig. 6. (a)–(f): Safe and damaged transmissibility functions (magnitude on decibel scale) at the driven-point for a 2DOF system with a loss of member connectivity
with external excitation on 𝑚2 and frictional contact on 𝑚1 when 𝜆 = 0.1, 𝛾 = 0.1, 𝜈 = 0.5, 𝛿 = 0.15 for different values of the friction ratio. (g): Normalized error
function against the friction ratio.

where: �̄�𝑆
𝑑 and �̄�𝐷

𝑑 represent the transmissibility function of the safe system and the damaged system, respectively. For each scenario,
the value of 𝜌𝑖 is equal to 0, while 𝜌𝑓 has been chosen to adequately include the modes of the system in the safe and the damaged
conditions. Accordingly, such error is evaluated for each frictional configuration starting from the frictionless to the fully-stuck
system by substituting the correspondent transmissibility functions of the safe and the damaged condition in Eq. (27). Finally, a
normalized error �̄� is estimated by dividing the error functions obtained for the frictionless, the frictional systems, and the fully-stuck
configuration by the error of the frictionless system, which is considered as a reference. Hence the analysis of the normalized error
over the friction ratio provides information about the impact of the friction level on damage detection.

4.1. Loss of member connectivity

4.1.1. Configuration 1
The transmissibility functions �̄�𝑑 at the driven-point are shown in Fig. 6 for the frictionless, the fully-stuck and the frictional

configurations (𝛽 = 0.1 − 1 − 10). Specifically, the figure is a magnitude plot on a decibel scale referred to the following set of
parameters: 𝜆 = 0.1, 𝛾 = 0.1, 𝜈 = 0.5, 𝛿 = 0.15, 𝛼 = 2.7, 𝑐 = 0.07, and 𝜂 = 0.02.

In the safe condition, Fig. 6(a), the transmissibility function of the frictionless configuration shows a resonant peak, located
around �̄�1. Instead, a damped hump is produced in the neighborhood of �̄�2. A similar damped hump profile appears in the midst of
these frequencies, associated with the zero of the transmissibility function. The emergence of the damage induces as a main effect
the appearance of a new resonant peak and a sharp zero.

In a similar fashion, the transmissibility function of the fully-stuck configuration, Fig. 6(e), is dominated by the resonant peak
around �̄�∗

1 = 1 in the safe condition, while a further peak arises when damage has occurred. Besides, the thresholds associated with
the friction ratios are reported with the dotted lines. The breakaway frequencies at the intersection with �̄�∗

𝑑 define the regions of
transitions from the stick–slip regimes to the fully-stuck.

When 𝛽 = 0.1, Fig. 6(b), the transmissibility function collides with the frictionless solution, especially in the low-frequency region.
On the other side, a high degree of similarity is observed between the transmissibility functions of the system with 𝛽 = 10 and the
fully-stuck configuration, Fig. 6(d). Again, the magnitude of the resonant peak is attenuated by 20 dB due to friction damping. When
𝛽 = 1, Fig. 6(c), the shape of the transmissibility function is highly distorted in the low-frequency region, and no evident resonant
peak associated with �̄�1 or �̄�∗

1 appears.
Independently of the friction ratio, no signature of the second mode is reflected either in the safe or in the damaged condition.

Instead, the resonance peak of the DIM is always reflected by the transmissibility functions although some differences can be found.
10
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Fig. 7. Scenario loss of member connectivity, configuration 1. (a) Effect of different system parameters on the normalized error function for increasing levels
of the friction ratio. (b) Effect of the damage extent on the error function (dB) for increasing values of the friction ratio.

Looking at the detail of Fig. 6(f), when 𝛽 = 0.1 the peak collides with the frictionless system at a frequency equal to 1.95 and with a
decreased magnitude of around 1 dB. Whereas for 𝛽 = 10, the peak falls nearby the resonant peak of the fully-stuck configuration at
a frequency equal to 2. Besides, compared with the fully-stuck solution, the nonlinear peak exhibits a flat profile with a decreased
magnitude of 13 dB. Instead, when 𝛽 = 1, the resonant peak is revealed to be more damped and attenuated compared with the
other levels of the friction ratio and spread over the frequency interval 1.95–2.05.

Due to the normalization, the error function in Fig. 6(g) is equal to 1 for the frictionless configuration. A close value, equal
to 0.98, is found when 𝛽 = 0.1, due to the high degree of similarity with the frictionless solution. Instead, for the high friction
configurations, the error function shows a progressive increase up to a value of 1.3 for the fully-stuck configuration. Such a trend
indicates that damage is more emphasized when the mass in contact stays in the permanent stick regime.

For the sake of generality, simulations have been repeated for different values of the damage parameters. In particular,
considering two levels for the non-dimensional stiffness 𝜈 (0.5 and 1.5) and two levels for the non-dimensional mass 𝛿 (0.05 and
0.15).

The effect of the system parameters is synthesized in Fig. 7(a), showing the normalized error function �̄� corresponding to each
set of parameters. For all the combinations of parameters, almost the same profile of �̄� is found. Such a trend is correlated with
the fact that increasing the friction ratio, it is reduced the damping of the DIM, (as reported in Table B.1 of Appendix B) by one
order of magnitude from the frictionless to the fully-stuck configuration. This, in turn, implies a magnification of the transmissibility
function for high friction values. An exception is found associated with the high value of the stiffness 𝜈 and the low value of the
mass 𝛿. In this case, the transmissibility functions of the frictionless and the fully-stuck configuration are almost coincident in both
the safe and the damaged conditions. As a consequence, the error (square dot) can be considered independent of the friction ratio.

Besides, we have investigated the effect of the damage extent. For these simulations, all the parameters were kept constant,
except for the stiffness of the connection 𝜈, which was let to vary on five levels in the interval [0.375–0.75–1.5–3–6]. In order to
evaluate the effect of damage extent, the results in Fig. 7(b) are shown in terms of the absolute error 𝜀 expressed in decibels. For
each level of the friction ratio, the error increases with the value of 𝜈. Such evidence is because from one set to another, the damping
coefficients are constant, and only 𝜈 is changed. As a consequence, the damping ratio of the DIM increases with the stiffness 𝜈. This,
in turn, reduces the magnitude of the spike at the DIM. Besides, for the higher values of stiffness, the error reveals to be almost
constant with the friction ratio as it was found in the parametric study. Otherwise, the error is emphasized by increasing 𝛽.

4.1.2. Configuration 2
The transmissibility functions �̄�𝑑 at the driven-point are shown in Fig. 8 for the frictionless, the fully-stuck, and the frictional

configurations, and for the following set of parameters: 𝜆 = 0.1, 𝛾 = 0.1, 𝜈 = 0.5, 𝛿 = 0.15, 𝛼 = 22, 𝑐 = 0.01, and 𝜂 = 0.17. Again, for
the frictionless system, Fig. 8(a), the emergence of the damage induces the appearance of a new resonant peak, located in the midst
of the two resonant frequencies of the safe condition. Instead, no damage signature can be found in the transmissibility function
of the fully-stuck configuration, shown in Fig. 8(e), since the driven-point in this configuration (DOF 1) is uncoupled with the
damaged mass (DOF 3) when the contact mass achieves the stuck regime. Hence the transmissibility function of the safe and the
damaged condition coincides with the response of a SDOF system. Moreover, the response of the frictional configuration resembles
11
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Fig. 8. (a)–(f): Safe and damaged transmissibility functions (magnitude on decibel scale) at the driven-point for a 2DOF system with a loss of member connectivity
with external excitation on 𝑚1 and frictional contact on 𝑚2 when 𝜆 = 0.1, 𝛾 = 0.1, 𝜈 = 0.5, 𝛿 = 0.15 for different values of the friction ratio. (g): Normalized error
function against the friction ratio.

Fig. 9. Scenario loss of member connectivity, configuration 2. (a) Effect of different system parameters on the normalized error function for increasing levels
of the friction ratio. (b) Effect of the damage extent on the error function (dB) for increasing values of the friction ratio.

the frictionless solution for 𝛽 = 0.1, Fig. 8(b) and (f), and a difference of around 1 dB can be observed at the resonant peak of
the DIM, due to frictional damping. On the other side, when 𝛽 = 1 a low-amplitude peak appears due to the damage, as shown in
Fig. 8(c) and in the detail of Fig. 8(f). On the other side, no damage signature is observed for 𝛽 = 10, Fig. 8(d).

Consequently, the normalized error function, shown in Fig. 8(g), decreases with the friction ratio. Namely, a value of 0.82 is
found when 𝛽 = 0.1, which decreases to 0.2 for 𝛽 = 1 and it is already zero for 𝛽 = 10.
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Fig. 10. (a)–(f): Safe and damaged transmissibility function (magnitude on decibel scale) at the driven-point for a 2DOF system with a reduction of artificial
damping with external excitation on 𝑚2 and frictional contact on 𝑚1 when 𝜆 = 10, 𝛾 = 10, 𝛼𝐷∕𝛼𝑆 = 0.1 for different values of the friction ratio. (g): Normalized
error function against the friction ratio.

In the same criterion of the previous paragraph, simulations have been repeated for the same set of parameter values, and
shown in Fig. 9(a). No significant differences are found in the behavior of the normalized error against the friction ratio despite the
variations in the system parameters. Moreover, the effect of decreasing the stiffness of the connection 𝜈 is shown in 9(b). For low
values of friction, the error increases with the extent of the damage and it achieves a value close to zero already for 𝛽 equal to 1. For
high friction regimes, the damage is not detected independently of the value of 𝜈. Hence it is confirmed that for this configuration,
the damage is enhanced by low values of the friction ratio.

4.2. Reduction of the artificial damping

4.2.1. Configuration 1
The transmissibility functions �̄�𝑑 at the driven-point are shown in Fig. 10 for the frictionless, the fully-stuck, and the frictional

configurations and for the following set of parameters: 𝜆 = 10, 𝛾 = 10, 𝛼𝑆 = 468, 𝑐 = 0.03, and 𝛼𝐷∕𝛼𝑆 = 0.10.
In the safe condition, the transmissibility function of the frictionless system shows two resonant peaks, located at a frequency

equal to 0.85 and 1.17, respectively, Fig. 10(a). The emergence of the damage has the only effect of increasing the magnitude of
the transmissibility function around the resonant frequencies. On the other side, the fully-stuck system, Fig. 10(e), exhibits a SDOF
response that is not influenced by the emergence of damage since the driven-point (DOF 2) is uncoupled with the damper that is
attached on the mass in contact (DOF 1). The profile of the frictionless system is preserved by the frictional configurations when
𝛽 = 0.1, and 𝛽 = 1, Fig. 10(b)–(c). Instead, when 𝛽 = 10, the response shows a single resonant peak whose amplitude is decreased by
25 dB with respect to the fully-stuck system, due to frictional damping, as shown in Fig. 10(f). Consequently, the normalized error
function in Fig. 10(g) decreases with the friction ratio, reaching a value of 0.23 when 𝛽 = 0.1 and it achieves the zero for 𝛽 = 10.

The same behavior is found by changing the values of the system parameters, Fig. 11(a). An exception is found when 𝜆 = 10, 𝛾 =
0.1, as in the scenario of loss of member connectivity because the damage is not detected. What is more, again the transmissibility
functions of the frictionless and the fully-stuck configurations are found to be coincident and, consequently, the error function is
equal to zero, independently of the friction ratio.

The effect of damage extent has been investigated by changing the ratio 𝛼𝐷∕𝛼𝑆 of the damping coefficient in the damaged
and in the safe condition, and by keeping all the other parameters constant. In particular, five levels of the damage extent have
been considered, ranging in the interval [0.1–0.125 - 0.167–0.25 - 0.5]. The results, shown in Fig. 11(b), confirm that the error
is emphasized by low values of the friction ratio. Besides, for each level of the friction ratio, the error increases with the damage
extent, although not proportionally since for higher values of the damage extent solutions tend to collide.
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Fig. 11. Scenario reduction of artificial damping, configuration 1. (a) Effect of different parameters of the system of the normalized error function for increasing
levels of the friction ratio. (b) Effect of the damage extent on the error function (dB) for increasing values of the friction ratio.

Fig. 12. (a)–(f): Safe and damaged transmissibility function (magnitude on decibel scale) at the driven-point for a 2DOF system with a reduction of artificial
damping with external excitation on 𝑚1 and frictional contact on 𝑚2 when 𝜆 = 10, 𝛾 = 10, 𝛼𝐷∕𝛼𝑆 = 0.1 for different values of the friction ratio. (g): Normalized
error function against the friction ratio.

4.2.2. Configuration 2

The transmissibility functions �̄�𝑑 at the driven-point are shown in Fig. 12 for the frictionless, the fully-stuck, and the frictional
configurations and for the following set of parameters: 𝜆 = 10, 𝛾 = 10, 𝛼𝑆 = 2.5, 𝑐 = 2, and 𝛼𝐷∕𝛼𝑆 = 0.10.
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Fig. 13. Scenario reduction of artificial damping, configuration 2. (a) Effect of different system parameters on the normalized error function for increasing levels
of the friction ratio. (b) Effect of the damage extent on the error function (dB) for increasing values of the friction ratio.

In the safe condition, the transmissibility function of the frictionless system shows two damped resonant peaks, Fig. 12(a). The
emergence of the damage has the only effect of increasing the magnitude of the transmissibility function around those resonant
frequencies. Such behavior is found also for the fully-stuck system, Fig. 12(e), which exhibits a SDOF response. Still, in this case,
damage induces a sensibly higher difference between the safe and the damaged transmissibilities of around 9 dB.

The two resonant peaks of the frictionless system almost collide in a single distorted hump, when 𝛽 = 0.1, Fig. 12(b) and (f).
Instead, for 𝛽 = 1 and 𝛽 = 10, the response resembles the profile of the fully-stuck response with a single resonant peak, Fig. 12(c)–
(d). Consequently, the error function shown in Fig. 12(g) increases with the friction ratio, reaching a value of 2.86 for 𝛽 = 10. This
evidence is correlated to the significant reduction of the damping ratio around �̄�∗ in the damaged condition for the fully-stuck
system.

Different behaviors are found by changing the values of the system parameters, Fig. 13(a). In particular, for low values of the
stiffness 𝜆, the damping ratio of the frictionless system becomes comparable with the fully-stuck, implying that no advantage arises
from high friction regimes. Instead, for the high value of 𝜆, the damage becomes almost negligible both in the frictionless and the
fully-stuck, and consequently, it is not detected for any level of friction.

The effect of damage extent has been investigated according to the same criterion of the previous paragraph. In particular, we
have investigated the case of high stiffness and mass, shown in Fig. 12. The results, shown in Fig. 13(b), confirm that the error is
emphasized by increasing the friction ratio. Besides, for each level of the friction ratio, the error increases with the damage extent.

4.3. Summary of results

The outcomes of the numerical investigation can be summarized as follows:

• no optimal friction ratio exists for any frequency ratio and any kind of damage;
• the convenience of low or high friction ratio is strongly correlated with the extent to which damage modifies the transmissi-

bilities of the frictionless and fully-stuck systems;
• when the transmissibilities of the frictionless and the fully-stuck systems coincide in the damaged condition, varying the friction

ratio has no effect on damage detection. On the other side, if the error in the fully-stuck configuration exceeds the error in
the frictionless, then damage detection might be enhanced by high friction ratios;

• for the high value of the stiffness coefficients 𝜆 and 𝜈 and the low value of the mass coefficients 𝛾 and 𝛿, damage was less
evident for any level of friction;

• changing the relative position of the damage and the mass in contact influences the error function. When damage is located
near the driven point, detection can be enhanced by high friction regimes, but not always depending on the ratio of the fully-
stuck regime with respect to the frictionless. On the other side, when the damage location and the driven point are separated
by the frictional contact, we observed that the damage is emphasized by low friction ratios.
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Fig. 14. Experimental setup. (a) Linkage structure (railway pantograph) in the test configuration. (b) Detail of the bolted connection that has been removed to
simulate the loss of a member connectivity. (c) Detail of the hydraulic dashpot that has been removed to simulate the reduction of artificial damping.

5. Experimental investigation

With the purpose of validating the previous results, we arranged a physical setup to execute fault detection tests on a real
structure by varying the level of the input excitation and evaluating the impact of dry-friction level.

5.1. Experimental setup and damage scenarios

The experimental setup, shown in Fig. 14(a), consists of:

• a real-scale railway pantograph, as an example of a structure with several dry-friction joints (base encumbrance: 1800 × 1350
mm2; height of the pan head: 1500 mm, driven point mass: 35 kg);

• a custom exciter, endowed with a stinger actuator, able to set the level of the input excitation at a desired value within the
range 1–14 N [39];

• an analog force sensor at the driven-point, embedded with a bending parallelogram amplifier, providing a resolution of 5 ⋅10−3
N;

• a digital encoder with a resolution of 5 ⋅ 10−2 mm;
• a 16-bit DAC board and a communication module based on the EtherCAT protocol.

The railway pantograph is a linkage mechanism with parallel kinematics whose end-effector is located at the top of the structure.
As shown in Fig. 14(b), the experimental characterization of the pantograph is tackled through a non-parametric single-input single-
output model, in which the input is the measured dynamic excitation �̂� applied by the exciter along the vertical direction, while
the measured displacement 𝑥𝑑 of the actuation is admitted as the output.

The input signal is generated by the controller commanding the actuation a linear chirp signal 𝑄𝑑 . The robot actuation applies
a band-limited input excitation �̂� whose instantaneous amplitude �̂�0 is controlled by a closed-feedback loop. The objective of the
control is to keep �̂�0 constant at each frequency bin even in the presence of disturbances (actuator friction and inertia).

For all the experiments, seven distinct values of the excitation amplitude �̂�0 have been considered, ranging from 1 N to 13 N.
The low level was chosen according to the force resolution of the actuation. Indeed, below 1 N, some excitation is still possible but
the measurements are affected by a sensibly higher noise as long as with a decrease of the input–output coherence at the resonances
which drops at about 0.5, meaning poor correlation. On the other side, the high level is limited by the power of the actuation.

All the signals are measured with 1000 Hz as the sampling rate. For the purpose of limiting the complexity of the analysis, the
frequency band of the input has been limited to the interval 0–10 Hz with a frequency resolution of 0.05 Hz. Fifteen repetitions of
the dynamic tests have been performed in each scenario.

In the first experimental scenario, the safe pantograph was subjected to a dynamic test for the seven levels of the input excitation.
Afterward, tests have been repeated with the same routine for two simulated damaged scenarios. In particular, we tampered the
bolted connection of Fig. 14(c) with the aim of reproducing the loss of member connectivity that was discussed in Section 3. Besides,
bolt removal has no gross effect on the kinematics due to structural redundancy since a twin connection is present on the opposite
side of the mechanism. Hence the main effect of the simulated damage is introducing the bending DOF of the bar with a local and
subtle alteration to structural integrity. In a second damage scenario, we removed the artificial damper by unscrewing one of its
pinned connections. In this condition, the overall damping capability of the structure is expected to be reduced by 50% [40] and
the only damping source is due to joints friction.

Such a linkage structure endorses several no-lubricated joints, each one experiencing a stuck or a stick–slip regime under external
excitation, based on the equilibrium of the local forces. Hence several fully-stuck systems can arise during a forced vibration test.
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Fig. 15. Experimental transmissibility functions and correspondent error functions of the railway pantograph structure in the safe and damage scenarios for
different values of the friction ratio. The threshold for the error function has been set at a confidence level of 99.7% (𝑧 = 3).

On the other side, the physical realization of the frictionless regime, in which all the joints are freed from friction, is not feasible,
even in a laboratory environment.

Nonetheless, the investigation of dry-friction level is still possible by varying the level of the input excitation. In this case, the
dry-friction at the driven-point has been estimated equal to 15 N. Consequently, the experimental friction ratio 𝛽 ranges from 1.15
to 15.

5.2. Analysis of the experimental error functions

To be consistent with the formulation of Section 2, we need an experimental estimate of the transmissibility function defined in
Eq. (17). Due to the homogeneous energy profile of the chirp signal �̂�𝑑 , we assumed the p-Welch estimate of the frequency response
function, based on the input and output data record [41].

Frequency responses in the safe and damaged condition are shown in Fig. 15 for the different values of friction ratio in the
interval 1–7 Hz.

In this case, no normalization of the error over the frictionless configuration is adopted. On the other side, to include statistical
confidence, a hypothesis test is formulated for the error function �̄� as follows [42]:

�̄� =

∫ 𝑓𝑓

𝑓𝑖

|�̄�𝑆𝑑 −�̄�
𝐷
𝑑 | 𝑑𝑓

𝜎𝑆
√

2

𝑓𝑓 − 𝑓𝑖
≤ 𝑧 (28)

where 𝜎𝑆 stands for the standard deviation of the experimental transmissibility function in the safe condition, 𝑓𝑖 and 𝑓𝑓 represent
the initial and final frequency (Hz) of the considered frequency interval, and 𝑧 designates a threshold defined by the standard normal
distribution at a given confidence level. In this work, we assumed a confidence level of 99.7%, and thus, the threshold 𝑧 is equal
to 3.

In the safe condition, it emerges the presence of a dominant resonance and a residual peak that is clear for the lowest value of the
friction ratio. By increasing the friction level, both peaks are progressively shifted towards lower frequencies while their amplitude
gets more damped. In particular, after the first friction ratio, the second resonance is almost dampened out.

The loss of member connectivity introduces two additional resonance peaks. In the absence of the bolt, the diagonal bar behaves
like a cantilever, that is free to oscillate with respect to the driven-point. First, a bending oscillation happens with a substantially
17
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vertical component of the bar tip, at 3.6 Hz, while a mainly lateral oscillation is shown in the second mode, at 4.6 Hz. By increasing
the friction level, the sharpness of the damage-induced resonances is sensibly reduced while the frequency location tends towards
lower frequencies. As a consequence, the error increases with the friction ratio by a factor of 10. Moreover, for the first four levels of
the friction ratio, the damage cannot be detected in a statistical sense, because the error is below the chosen threshold of statistical
confidence.

The reduction of artificial damping implies a shift of the dominant peak with the frequency and an increase of the amplitude.
esides, increasing the friction ratio, the damaged transmissibility function exhibits a shifting peak (from 2.6 Hz to 0.5 Hz) and an

ncrease of the amplitude of about 16 dB. Consequently, the error is decreased by a factor of 10, increasing the friction ratio. In this
cenario, statistical confidence is always achieved, except for the highest level for the friction ratio, where the error is found below
he chosen threshold of statistical confidence.

. Conclusions

In this paper, we investigated whether the choice of a low or a high friction ratio can affect damage detection. To this purpose,
e simulated numerically a MDOF system with a single Coulomb contact considering two damage scenarios: the loss of member

onnectivity and the reduction of artificial damping. It turns out that no optimal friction ratio exists for any frequency and any
ind of damage. Besides, when damage is located near the driven point, detection might be enhanced by high friction regimes for
ome combinations of system parameters. On the other side, when the damage location and the driven point are separated by the
rictional contact, the damage was emphasized by low friction ratios.

Experiments were also performed on a pantograph structure for railway applications confirming the trends of the error function
ith the friction ratio. What is more, false negatives were found for low levels of the friction ratio in the case of the loss of member

onnectivity, and for a high level of the friction ratio when the artificial damper had been unscrewed. Hence, as a general rule,
t is worth considering the friction ratio as a parameter to be investigated during structural dynamics tests to potentially increase
nformation about the damage occurrence.

The extension of the work in the sense of a model fitting is made interesting but also challenged by the presence of multiple
ry-friction joints in real experimental structures. Consequently, multiple partial-stick modes may arise in which only a portion of
ll the joints stays stuck. Besides, clearance and preload fluctuations should be included because they contribute to increasing the
umber of possible partial-stick modes.
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ppendix A. Complement to the analysis of the motion regimes

The mass-normalized modal shapes of the frictionless system are:

𝜓 = 1
𝜌

⎡

⎢

⎢

⎢

⎣

1
√

𝛾+𝜑21

1
√

𝛾+𝜑22
𝜑1

√

𝛾+𝜑21

𝜑2
√

𝛾+𝜑22

⎤

⎥

⎥

⎥

⎦

(A.1)

where:

𝜑𝑖 =
1

1 − 𝜌2 �̄�𝑖
2

(A.2)

It can be shown [31] that the condition of continuous motion for the system of Fig. 2 holds when:

𝛽 <

√

√

√

√

√

𝑉 2
𝑗

𝑈2 + [max(𝑆 , 𝜇 )]
(A.3)
18
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Table B.1
Non-dimensional modal parameters of a 2DOF system with a loss of member connectivity in the safe
and damaged condition.

Mode 1 Mode 2 DIM Mode

SAFE DAM SAFE DAM DAM

�̄� 0.27 0.27 3.43 3.45 1.95
�̄�∗ 0.93 0.91 2

𝜉 (%) 3.8 3.8 5.8 5.7 0.16
𝜉∗ (%) 0.52 0.48 0.05

Table B.2
Mass normalized modal shapes of a 2DOF system with a loss of member connectivity in the safe and damaged condition.

Mode 1 Mode 2 DIM Mode

SAFE DAM SAFE DAM DAM

𝜓 𝜓∗ 𝜓 𝜓∗ 𝜓 𝜓∗ 𝜓 𝜓∗ 𝜓 𝜓∗

1 −0.8 0.8 −3 3 −0.4
2 −0.9 1 0.9 0.9 0.2 −0.3 −0.3 −0.4
3 0.9 1.2 0.1 2.4 2.3

where:

𝑉𝑗 =
2
∑

𝑖=1
𝜓𝑗𝑖 𝜓𝑑𝑖

1
�̄�2
𝑖 − 1

(A.4)

𝑈𝑗 =
2
∑

𝑖=1
𝜓2
𝑗𝑖

sin (𝜋 �̄�𝑖)
�̄�𝑖 [1 + cos (𝜋 �̄�𝑖)]

(A.5)

𝑆𝑗 =
2
∑

𝑖=1
𝜓2
𝑗𝑖 max

⎡

⎢

⎢

⎢

⎣

sin (𝜏 �̄�𝑖)
�̄�𝑖

+ sin (𝜋 �̄�𝑖) [cos (𝜏)−cos (𝜏 �̄�𝑖)]
�̄�𝑖 [1+cos (𝜋 �̄�𝑖)]

sin (𝜏)

⎤

⎥

⎥

⎥

⎦

(A.6)

For both the continuous and the stick–slip regime, it is possible to obtain the solution for the zero-frequency (static value) by
neglecting the accelerations and the velocities in Eq. (3). For the system of Fig. 1 one obtains:

�̄�1 (𝜌 = 0) = 1
𝜆

(1 − 𝛽)

�̄�2 (𝜌 = 0) = 1
𝜆

(1 − 𝛽 + 𝜆)
(A.7)

Appendix B. Analysis of the mode shapes and impact of the simulated damage scenarios

According to the system parameters discussed in Section 3.3, the modal parameters for the frictionless and the fully-stuck systems
can be derived for each scenario and configuration, through standard modal analysis, as in Eqs. (9) and (A.1), based on the values
of the system parameters in each dataset.

B.1. Loss of member connectivity - Configuration 1

For the sake of synthesis, we list in Tables B.1 and B.2 the non-dimensional modal parameters and the (undamped) mass
normalized modal vectors, respectively, for 𝜆 = 0.1, 𝛾 = 0.1, 𝜈 = 0.5, 𝛿 = 0.15. In the safe condition, the frictionless system has
wo modes of vibration. In the first mode (Mode 1), the mass 𝑚1 and the mass 𝑚2 oscillate in phase (Eq. (A.2)) at a frequency �̄�1
qual to 0.27, and with a damping ratio of 3.8%. In the second mode (Mode 2), the oscillation occurs in phase opposition at a
igher frequency equal to 3.43, and with a damping ratio of 5.8%.

As a main effect, the emergence of the damage introduces an additional mode, or Damage Induced Mode (DIM), since the system
ains a third DOF. In the correspondent modal shape, the damaged mass 𝑚3 is in opposition of phase with the driven-point, while
he mass 𝑚1 and 𝑚2 are in phase. The corresponding natural frequency falls at 1.95, i.e. in the midst of the safe modes, and the
amping ratio is 0.16%. No variation is produced in Mode 1, while a few percentage difference is observed in Mode 2 (0.58% on
he frequency and 1.72% on the damping). Similar modal properties are found in the other datasets even though the numerical
alues of the modal properties change, especially for the frequency and the damping ratio of the DIM. For example, the DIM falls
t a frequency of 5.16, i.e. above the frequencies of the safe modes when 𝜈 = 1.5 and 𝛿 = 0.05. Besides, slight differences occur for
= 1.5 and 𝛿 = 0.15, since in the DIM the mass 1 and 2 are out-of-phase. Moreover, more significant variations are induced by the
amage on Mode 2, since the natural frequency is increased by 3.8% while a decrease of 44% is produced on the damping ratio.

On the other side, in the safe condition, the fully-stuck system has one DOF, located at a frequency 𝛺∗ equal to 1 and with
a damping ratio 𝜉∗ equal to 0.52%. As for the frictionless system, the emergence of the damage generates a new mode, but at
19
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a frequency equal to 2 and with a damping ratio of 0.05%, i.e. one order of magnitude smaller than the damping ratio of the
frictionless system. No significant variations are induced in the frequency of the first mode, while a reduction of 7% is produced on
the damping ratio. Similar results are obtained for the other sets of parameters.

B.2. Loss of member connectivity - Configuration 2

In the frictionless system, similar values are found for the modal parameters and the modal vectors as in configuration 1.
ontrariwise, a significant difference emerges in the properties of the fully-stuck system. First, the natural frequency of the safe
ondition, equal to

√

(𝜆 + 1)∕𝛾 falls at a higher frequency, equal to 3.31, due to the twofold effect of the increased stiffness and a
educed mass compared to the configuration 1. The damping ratio is equal to 5.8%. Moreover, since in this configuration, masses
and 3 are separated by a wall, Mode 1 and the DIM are mutually independent. Therefore, the matrix of the modal vectors is the

dentity matrix. As a consequence, by changing the properties of the damaged member, 𝜈 and 𝛿, the properties of Mode 1 are kept
onstant, while the frequency of the DIM can be straightforwardly calculated by using the SDOF formulation. As an example, for
= 0.5 and 𝛿 = 0.15, one obtains a natural frequency of 1.91. It should be remembered that the damping ratio is imposed equal to
.05%, as motivated in Section 3.3.

.3. Reduction of the artificial damping

In both the safe and the damaged condition, two mode shapes characterize the response of the frictionless system. Namely, a
ow-frequency mode, in which the mass 𝑚1 and the mass 𝑚2 oscillate in phase, and a second mode, in which out-of-phase oscillation is
ound. The values of the correspondent natural frequencies depend on the choice of parameters. As an example, when 𝜆 = 10, 𝛾 = 10,
ne obtains: �̄�1 = 0.86 and �̄�2 = 1.16. On the other side, independently of the dataset, the damping ratios in the safe condition

were set equal to 5%. The emergence of the damage implies a reduction of the damping ratios, while no effect is produced on the
modal vectors and the natural frequencies. For all the dataset, both the damping ratios are found to be around 0.5% in the damaged
condition, implying a reduction of one order of magnitude.

On the other side, the fully-stuck configuration is characterized by an SDOF response. In configuration 1, the natural frequency
is defined by Eq. (10), while the damping ratio varies with 𝑐 in each dataset, as expressed by Eq. (11). As an example, when
𝜆 = 10, 𝛾 = 10, one obtains 𝜉∗ = 0.20%. In this case, the emergence of the damage has no effect also on the damping ratio. In
onfiguration 2, the formulas are similar, except for the fact that the stiffness is expressed by 𝑘(𝜆 + 1), the mass is 𝛾𝑚, and the
amping coefficient is 𝑐(1 + 𝛼𝑆∕𝐷). As an example, when 𝜆 = 10, 𝛾 = 10, one obtains 𝜉∗ = 5% in the safe condition, while for a

damage extent 𝛼𝐷∕𝛼𝑆 = 0.1, the damping ratio is decreased to 2% because damage also affects the fully-stuck regime.

Appendix C. Integration routine

According to the explicit Newmark formulation, given the discrete acceleration �̄�′′𝐢 , velocity �̄�′𝐢 , and displacement �̄�𝐢, at the time
instant 𝜏𝑖, the solution at the subsequent time step 𝑖 + 1 can be found through the calculation of the incremental quantities:

�̄�′′𝐢+𝟏 = �̄�′′𝐢 + 𝛥�̄�′′𝐢
�̄�′𝐢+𝟏 = �̄�′𝐢 + 𝛥�̄�

′
𝐢

�̄�𝐢+𝟏 = �̄�𝐢 + 𝛥�̄�𝐢

(C.1)

Such increments have the following explicit expressions [38]:

𝛥�̄�′′𝑖 = 1
𝐵𝛥𝑡2

𝛥�̄�𝑖 −
1
𝐵𝛥𝑡

�̄�′𝑖 −
1
2𝐵

�̄�′′𝑖

𝛥�̄�′𝑖 =
𝛤
𝐵𝛥𝑡

𝛥�̄�𝑖 −
𝛤
𝐵
�̄�′𝑖 −

( 𝛤
2𝐵

− 1
)

𝛥𝑡 �̄�′′𝑖

𝛥�̄�𝑖 =
𝐊 + 𝛤

𝐵𝛥𝑡𝐂 + 1
𝐵𝛥𝑡2

𝐌

𝛥𝐪 +
[

1
𝐵𝛥𝑡𝐌 + 𝛤

𝐵𝐂
]

�̄�′𝑖 +
[

1
2𝐵𝐌 +

(

𝛤
2𝐵 − 1

)

𝛥𝑡
]

�̄�′′𝑖

(C.2)

here: 𝛥𝐪 = cos
(

𝜏𝑖
)

is the incremental excitation, 𝛥𝑡 represents the time step, while 𝛤 and 𝐵 are parameters that define the variation
f acceleration over the time step. Clearly, when the integration is pursued during the fully-stuck regime, the system matrices 𝐌, 𝐂,
nd 𝐊 in Eq. (C.2) are substituted by the corresponding matrices 𝐌∗, 𝐂∗, and 𝐊∗ written for the fully-stuck configuration.

Still, checks are necessary to comply with contact state transitions. A first check is pursued at the stops, i.e. when the velocity of
he mass in contact �̄�′𝑗 vanishes. At these time steps, the sum of all the non-inertial forces acting on 𝑚𝑗 is compared to the friction
orce to guess if the system is in slip or stick. Besides, when the system is in slip and stops are excluded, it must be checked the
ign of the velocity obtained by Eq. (C.2): if sgn

[

𝛥�̄�′𝑖+1
]

≠ sgn
[

�̄�′𝑖
]

, then the arousal of the stuck regime is assumed.
In our integration routine, 𝛤 and 𝐵 were imposed equal to 0.5 and 0.25 respectively: these values correspond to assuming average

cceleration over the time step and they ensure unconditional stability independently of the size of the time step. However, care
ust be taken in the choice of 𝛥𝑡 to ensure the accuracy of results. This is particularly crucial when the integration is carried out at

ow-frequency values of the excitation. In this regard, the value of the time step was set according to the frequency ratio 𝜌. As an
xample, in the scenario of Section 3.1, when 𝜌 ≤ 0.5 we set 𝛥𝑡 = 2 ⋅10−4; otherwise: 𝛥𝑡 = 5 ⋅10−4. Integration was carried on until the
20
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response achieved steady-state. Such a condition was expressed through the energy dissipated per cycle: when the energy changed
less than 5% for the last two cycles, steady-state was assumed. Integration was pursued on a number of excitation frequencies. This
is crucial in terms of the spectral resolution of the transmissibility function. Moreover, the less the modal damping of the system,
the higher is the frequency resolution. To this end, we adopted an average frequency resolution of 0.1 which was increased up to
0.5 ⋅ 10−3 around the natural frequencies. The discussed integration routine was coded and executed through a commercial platform
for numerical computing (Matlab R2019a).
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