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Abstract

Designing and deploying real-time computing pipelines efficiently on modern embedded platforms is increasingly challenging
due to the growing complexity of hardware architectures, often featuring multi-core processors, frequency scaling capabilities,
heterogeneous cores for enhanced power efficiency, and hardware accelerators. OpenMP is a prominent tool for parallelizing ap-
plications on multi-core platforms and is gaining increasing adoption in the domain of real-time systems. However, providing
sound performance guarantees on the timing behavior of complex parallel computations organized as graph structures on hetero-
geneous platforms, while achieving optimal or near-optimal energy efficiency, is all but trivial. This paper tackles this problem by
proposing a methodology to deploy and analyze both traditional parallel real-time applications and OpenMP parallel applications,
modeled as directed acyclic graphs (DAGs) and coexisting on the same heterogeneous platform. Specifically, the approach targets
asymmetric multi-core platforms with frequency scaling capabilities, with the aim of minimizing energy consumption while guar-
anteeing end-to-end latency constraints via schedulability analysis. The proposed approach features an optimal solver based on
a mixed-integer quadratic constrained programming formulation, and a computationally efficient heuristic to extract high-quality
solutions with reduced solving time. The concept is experimentally validated using randomly generated sets of DAGs, optimized
by the two techniques and deployed using an OpenMP-based DAG synthetic benchmark on Linux running on an embedded board.
Results demonstrate that the methodology enables energy-efficient deployment of mixed traditional and OpenMP real-time DAG
applications while preserving end-to-end latency guarantees.
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1. Introduction and synchronization of threads at runtime with simple #pragma
directives in the application code. With the wider availability of
heterogeneous computing platforms, OpenMP has gained sig-
nificant popularity due to its ease of use and compatibility with
a wide range of platforms and applications, including real-time
and multimedia applications [2, 3, 4, 5, 6].

In these domains, applications developed with OpenMP are
commonly modeled using directed acyclic graphs (DAGs) [6,
2, 7]. The DAG model highlights tasks and their dependen-
cies to determine which tasks can execute in parallel on differ-
ent PUs, enabling the representation of complex dependency
topologies through OpenMP task constructs and dependency
specifications (i.e., depend clauses), beyond the loop-level par-
allelism typically expressed with work-sharing constructs such
as parallel for. Real-time applications leveraging OpenMP
may also include multiple independent DAGs of computations
that share the same set of platform resources, each character-
ized by distinct end-to-end timing constraints (i.e., a deadline
on the response time of each DAG) to guarantee predictable
real-time performance. Parts of different DAGs may coexist
on the same PU, generating mutual interference due to resource
sharing. Moreover, OpenMP DAGs can coexist with other types
of DAGs, implemented by leveraging programming constructs

Modern embedded platforms are equipped with several pow-
erful processing units (PUs) enabling the execution of complex
and heterogeneous applications. Applications developed for
multi-core systems take advantage of the high computational
power of the hardware platform with multi-threading, so that
parts of the code can execute concurrently on multiple cores.
The efficient development of parallel applications, however, can
be challenging: multiple threads must be carefully orchestrated
to enforce data dependencies between tasks, while at the same
time leveraging the inherent parallelism of the application and
of the underlying computing platform. These challenges are ex-
acerbated by the important requirements on energy efficiency
often having critical impact on form-factor design and battery
duration of embedded systems'. Frameworks and APIs are
available to aid developers in the design and development of
parallel applications. Most notably, OpenMP [1] is a cross-
platform parallel computing API that automates the creation
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for concurrency and synchronization and coordinated accord-
ing to different policies [8]. This coexistence complicates two
fundamental problems: (i) analyzing the timing behavior of an
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application composed of multiple DAGs, which is essential for
verifying the satisfaction of timing constraints, and (ii) deter-
mining a suitable allocation of the tasks of each DAG to the
available PUs to optimize resource usage and system perfor-
mance while satisfying all timing constraints.

These challenges are further amplified when realistic plat-
form models are considered, including heterogeneous proces-
sors and frequency scaling capabilities. Specifically, power-
ful embedded platforms can consume substantial energy when
executing parallel workloads, which may be a limiting factor
for battery-powered devices. More generally, excessive energy
consumption leads to increased operational costs and thermal
management challenges in both embedded systems and data
centers. Dynamic voltage and frequency scaling (DVFES) ca-
pabilities play a key role in managing the trade-off between
speed and energy, allowing cores to operate at lower or higher
frequencies, thereby reducing or increasing power consump-
tion, respectively. For example, asymmetric platforms such as
Arm big.LITTLE or DynamlQ architectures are characterized
by ISA-compatible CPU islands (among which processes can
be freely migrated), where high-performance “big” cores exe-
cute tasks quickly but consume more power, while low-power
“LITTLE” cores cause tasks to take longer to execute. Simi-
lar functionality is available on Intel Alder Lake architectures,
with P-cores and E-cores [9]. Placing tasks on the LITTLE
cores and lowering the operating frequencies of the platform
can reduce the power consumption of the application; how-
ever, this may compromise its timing requirements expressed
as end-to-end deadlines of the DAGs, as tasks will run more
slowly. Thus, a central design challenge for applications run-
ning on energy-constrained platforms is to determine a suitable
deployment strategy that keeps power consumption to a mini-
mum while meeting timing requirements [10, 11].

To the best of our knowledge, there exist no specialized
methods providing a comprehensive schedulability analysis for
real-time software composed of multiple OpenMP DAGs, par-
ticularly when explicitly accounting for energy management
capabilities or when considering coexistence with other types
of DAG-based applications or heterogeneous tasks sharing the
same computational resources. Specifically, existing approaches
either focus on single DAGs, homogeneous platforms, or do not
account for energy-aware deployment under frequency scaling.
To fill this gap, this paper proposes a complete methodology
for the design, analysis, and deployment of real-time DAG-
based applications, including those developed with OpenMP,
on heterogeneous big.LITTLE-like platforms with frequency
scaling capabilities. First, a specialized model and schedulabil-
ity analysis is presented for real-time software including multi-
ple OpenMP DAGs sharing the same PUs. Then, an optimiza-
tion approach is presented for DAG-based applications lever-
aging OpenMP, explicitly accounting for the presence of multi-
ple DAGs and energy management capabilities. The objective
is to configure the frequency scaling settings of the platform
and the placement of tasks to minimize the power consump-
tion of the system while guaranteeing the end-to-end deadlines
of DAGs. Two approaches will be presented: (i) an optimal
strategy based on a mixed-integer quadratic constrained pro-

gramming (MIQCP) formulation, which integrates schedula-
bility analysis in the form of constraints, and (ii) a heuristic
solver which is significantly faster than the former, but which
yields results of comparable quality. Experimental results are
presented to validate the configurations obtained with the pro-
posed approaches using randomly generated workloads, opti-
mized for, and deployed onto, a commercial embedded Linux
platform.

The rest of this paper is structured as follows: Section 2
provides an overview of related works, Section 3 introduces
the considered system model, Section 4 presents the proposed
analysis for DAG-based applications, Section 5 details the pro-
posed optimization algorithms, Section 6 compares the two ap-

proaches and validates the obtained configurations on an ODROID-

XU4 board, and Section 7 concludes the paper.

2. Related work

Previous works investigated the scheduling of real-time ap-
plications with OpenMP. The design of the OpenMP tasking
model [12] has been extensively discussed by the OpenMP task-
ing subcommittee, with the objective of efficiently exploiting
the parallelism of applications. Duran et al. [13] compared
the different available task scheduling strategies in OpenMP,
among which there are work-first and breadth-first, both in the
case of tied tasks, i.e., pinned to a thread, and of untied
tasks. tied tasks have been analyzed by Sun et al. [14], who
developed a real-time scheduling algorithm and related anal-
ysis. The algorithm avoids tying too much workload on the
same worker thread to efficiently exploit parallelism. Further-
more, extensions to OpenMP runtime were developed, aim-
ing at improving real-time performance and supporting oper-
ation in safety-critical and high-reliability systems. Silvestri et
al. [15] designed an extension to the GNU implementation of
OpenMP based on a user-space library and a dedicated Linux
kernel module, to guarantee work-conservativeness and a better
management of priorities. Yu et al. [16] developed a frame-
work for the Clang/LLVM implementation of OpenMP run-
time which considerably reduces the runtime overhead of the
tasking model by improving the resolution of dependencies be-
tween OpenMP tasks. Vargas et al. [3] proposed a lightweight
OpenMP runtime for embedded systems, focusing on minimiz-
ing runtime and memory overheads while supporting the task-
ing model. Royuela et al. [4] proposed modifications and re-
quirements for the OpenMP specification and runtimes to guar-
antee safety properties in safety-critical embedded applications.
The application of OpenMP in embedded domains was also fur-
ther explored by Royuela et al. [5] by supporting the OpenMP
tasking model in Ada applications. El Maach et al. [17] pro-
posed leveraging dynamic OpenMP task variants (i.e., alterna-
tive task implementations) to enable energy-aware scheduling.
Native support for periodic real-time tasks in OpenMP was also
investigated [18, 19]. Furthermore, Serrano et al. [20] stud-
ied the timing characteristics of the OpenMP 4 tasking model,
showing how tied and untied tasks influence execution predictabil-
ity in real-time systems. An analysis also exists for OpenMP

applications running on heterogeneous platforms [21], as OpenMP



allows executing tasks on hardware accelerators like GPUs. How-
ever, all of these analysis target software systems including a
single DAG corresponding to a single OpenMP application with
dedicated access to all available PUs in the platform. In con-
trast to existing approaches, the analysis proposed in this pa-
per supports a broader scope by targeting an arbitrary number
of OpenMP DAGs executing on heterogeneous platforms with
frequency scaling capabilities (Section 4).

More broadly, parallel task models in the theory of real-time
scheduling capture the scheduling behavior of complex paral-
lel workloads by considering their internal topology in terms
of precedence constraints using graph structures, going beyond
the traditional sporadic task model for independent tasks by
Liu and Layland [22] and graph-based models for uniproces-
sor systems [23, 24]. The fork-join model [25] considers an
interleaving of sequential and parallel execution, with a syn-
chronization occurring at the boundary of each segment, thus
effectively representing fork-join computing topologies. The
sporadic DAG task model [26] supports more general parallel
structures where the precedence constraints between the sub-
tasks are represented with a DAG topology, in similar fashion to
the modeling approach considered in this paper (see Section 3),
and has been studied under both global and partitioned schedul-
ing. Notably, later works demonstrated that the sporadic DAG
task model can capture the scheduling behavior of common par-
allel programming models, including OpenMP [2, 27]. The
presence of precedence constraints in parallel DAG scheduling
significantly increases the complexity of schedulability analy-
sis, due to their impact on workload execution dynamics. Ex-
ecution delay effects in DAG scheduling have been modeled
using self-suspending task models [28, 29, 30, 31].

The deadline splitting approach has been proposed in pre-
vious work [32, 33, 34] to schedule parallel real-time tasks by
dividing the end-to-end application deadline into a set of local
deadlines for each task in the precedence chain. All such tech-
niques are compatible with DAG-based applications leveraging
specific combinations of scheduling paradigms and topologies.
Although they serve as important foundational modeling and
analysis methods for general DAGs, they are not directly appli-
cable for the analysis OpenMP DAG tasks, which feature spe-
cific tasking and scheduling models. In this work, we show how
to integrated this approach with OpenMP.

Several works focused on optimizing energy efficiency in
the scheduling of real-time tasks, with specific efforts targeting
multiprocessor and distributed platforms featuring frequency
scaling and complex memory hierarchies [35, 36, 37, 38]. Fre-
quency scaling capabilities were leveraged to minimize the en-

ergy requirements of real-time applications with fine-tuning strate-

gies [39, 40]. Specifically, optimization strategies based on
integer linear programming [41], MIQCP [8], or approximate
algorithms based on greedy heuristics [10] were leveraged to
determine optimal frequency scaling configurations. However,
none of these works address the combined issue of optimizing
the energy efficiency of the overall system by jointly managing
the placement of OpenMP DAGs on heterogeneous platforms
and configuring the available frequency scaling capabilities.

void appl() {
init();
#pragma omp parallel for
for (int i = 0; i < 3; i++)
compute(i);
end();

compute(0)

}

Figure 1: Example of modeling of an OpenMP application leveraging the
parallel for construct as a DAG with a fork-join structure.

3. System model

This work considers a system comprising a set of DAG ap-
plications, optionally leveraging the OpenMP API to facilitate
parallelization of the program, scheduled on a heterogeneous
computing platform with DVFS capabilities. In this section, we
characterize and model the scheduling of OpenMP DAGs and
generic DAG-based applications, as well as the characteristics
of the reference hardware platform.

3.1. Modeling OpenMP scheduling

In programs leveraging OpenMP, ad hoc #pragma direc-
tives processed by the compiler allow for specifying which code
segments can be parallelized for faster computation. Then, the
OpenMP runtime automatically manages a pool of threads, sched-
uled by the underlying operating system, that execute the par-
allel code segments, dealing also with the needed synchroniza-
tion, transparently to the programmer. OpenMP was originally
created to automatically parallelize the iterations of for loops
with the directive #pragma omp parallel for, notably in
the very common case where each iteration can be handled in-
dependently from the others, and just simple reduction opera-
tions are needed to aggregate the partial results computed inde-
pendently in the iterations, to produce the final result. Recent
versions added more and more features and options, includ-
ing the support for explicit declaration of units of work called
OpenMP tasks that can be executed in parallel, and the depen-
dencies among them, to ensure the same results that would be
obtained with a sequential execution of the program. This is
supported with the #pragma omp task construct, and its op-
tion depend.

Applications developed with parallel for or with task
and depend can be modeled as DAGs [6, 2]. Figure 1 shows a
simple example of parallel application developed with OpenMP
and its corresponding DAG model. In the example, after the
execution of the init function, the #pragma directive instructs
the OpenMP environment to create three OpenMP tasks to par-
allelize the three iterations of the for loop. The three instances
of the compute function can execute in parallel, each with a dif-
ferent parameter. The main task waits for the completion of all
three before executing the end function. The resulting topology
is that of a fork-join graph.

Figure 2a shows an example of OpenMP application using
the task construct with the related depend option to express a
more general task dependency graph. Specifically, the program
starts with a single thread (the master thread) that encounters a
sequence of task constructs. When the task construct is en-
countered in the master thread, a new task instance is created.



1 #pragma omp parallel

2

3 #pragma omp master

4 |

5 #pragma omp task depend(out:x1)

6  { partl(): }

7 #pragma omp task depend(in:xI1, out:x2)

8  { part2(): }

9 #pragma omp task depend(in:x1, out:x3)

10 { part3(): }

11 #pragma omp task depend(in:x1, out:x4)

12 { partd (): }

13 #pragma omp task depend(in:x2,x3,x4, out:x5)
14 { part5(0): }

15 #pragma omp task depend(in:x3,x4, out:x6)
16 { part6(): }

17 #pragma omp task depend(in:x5,x6, out:x7)
18 { part7(): }

19 3}

™

(b)

Figure 2: Example of OpenMP program leveraging the task construct and its
option depend to define dependencies (a) and corresponding DAG model (b).
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Figure 3: Schematic view of the scheduling of OpenMP DAGs performed by
the runtime.

The task instance can be assigned for execution to any available
OpenMP thread as soon as all its input dependencies (specified
with in in the depend clause) are satisfied. A dependency on a
variable is considered satisfied when all tasks with an output de-
pendency on that variable (i.e., a variable defined as out in the
depend clause of that task) have completed. The corresponding
DAG model is shown in Figure 2b.

OpenMP tasks are executed by the OpenMP runtime. The
stages of OpenMP scheduling are depicted in Figure 3. When
an OpenMP task instance included in the DAG is ready for ex-
ecution due to its precedence constraints being satisfied, it is
inserted into a ready queue. The ready queue is managed by a
dispatcher unit, which assigns task instances to a set of worker
threads, each managing OpenMP execution on a specific pro-
cessing unit.

The dispatch policy is not standard and depends on the spe-

cific OpenMP implementation. The 1ibgomp [42] runtime within

the GCC compiler uses a shared queue where all ready tasks

are pushed. When an OpenMP worker thread becomes idle,
it pops a task from this queue and executes it (each OpenMP
process uses a separate thread-pool and shared tasks queue).
LLVM with its front-end C compiler Clang provides instead an
OpenMP runtime [43] where each worker thread has its own
local queue of ready tasks to execute and, whenever a thread
drains its local queue, it steals a task from the others with a
work-stealing policy.

This paper considers the following set of assumptions re-
lating to the structure of OpenMP programs and properties of
OpenMP tasks relevant to this paper.

1. OpenMP applications are assumed to have a static topol-
ogy (in terms of OpenMP tasks and their dependencies)
described by a DAG known beforehand.

2. OpenMP tasks do not invoke any blocking APIs; hence,
they run to completion.

3. Despite OpenMP supporting hardware accelerators like
GPUs, the model does not exploit such possibility, as the
hardware platform targeted by this paper provides only
CPUs.

4. When tasks are declared, no priority is explicitly assigned
to them; therefore, all tasks have the same default prior-
ity. Tasks are dispatched to the worker threads following
the libgomp runtime (part of the GCC compiler): once
an OpenMP worker thread becomes idle, the OpenMP
task dispatcher assigns the next task from the queue (in
FIFO order) to that worker.

3.2. Software model

The software in the scope of this paper consists of ny tasks
I = {T,-}l'.’le. The tasks in I' are partitioned into ng applica-
tions modeled as independent periodic directed acyclic graphs
(DAGs) and collected in the set G = {G j}:: Periodic DAGs

are suitable to model real-time applications, such as multimedia
or control applications, where data is processed by several tasks
in a producer-consumer topology, and an output of the whole
process is expected within an end-to-end deadline. DAGs also
originate from parallelism transparent to the programmer when
developing programs with OpenMP, where portions of the code
are declared as parallel and the OpenMP runtime automatically
handles the implementation of the parallelism during the exe-
cution. Therefore, DAGs in G are in turn partitioned into two
subsets: those that model OpenMP parallel applications belong
to the part G”"P, while those that are regular DAG-based appli-
cations to G™8. Formally, G U G™8 = G,G"" N G"¢ = ().
Each task 7; is characterized by:

e a reference estimated execution time bound (EETB) C;,
being an upper-bound to its execution time when placed
on a reference processing unit operating at a reference
frequency ¢,.r, chosen to be the highest for that unit;

e anon-scalable part of the EETB C'* constituting the time
spent during cache misses, that is not affected by the op-
erating frequency and the capacity of the processing unit;



e arelease time r;; of the k-th instance of 7; and the corre-
sponding finishing time f;.

Every DAGis atuple G; = (I';,&;, T}, D;), where:

e I'; is the set of tasks of G;, with {I';} being a partition of
the tasks in I';

e &;is a set of pairs of tasks in I'; that model their depen-
dencies as directed edges: (71, 72) € &; implies that each
activation of 7, can only start once the same activation
of 7| completed; &; is a fully-connected acyclic topology
with one starting task 7, and one ending task 7,;;

e T is the minimum interarrival time between activations
of the starting task s

Yk, rs o1 2 s+ T 1)

e D;is the end-to-end relative deadline of the DAG, which
constrains the time between the release time of 7y, and
the finishing time of 7,;:

Yk, fo,x < ru + Dj. @

The k-th activation (or job) of a task 7; € I'; is constrained
by the DAG topology, namely it can only execute after the k-
th activations of all its predecessors, as described by &;, have
completed:

max {fiy] VieTl; 3)

Fig = _ 1M¢
i€l j|Gi)eE,
In this work, DAGs are assumed to have end-to-end deadlines

lower than their periods:
Dj < Tj, VG] eqG. 4

In addition to the above, each starting task 7, of a DAG G
can release a new job only when the previous activation of G;
has completed its execution. Therefore, DAG instances cannot
overlap; within a DAG period 7T';, only one instance of G; can
be running.

We deal with the end-to-end deadlines of real-time DAGs
by adopting a deadline splitting paradigm [32]: each task 7; in a
DAG G is assigned an intermediate relative deadline d;, which
is computed by our configuration and placement optimization
strategy. However, the duration of the DAG tasks depend on the
placement decisions, as the underlying CPUs have different ca-
pacity and frequency-switching abilities, influencing deadlines
and critical paths.

3.3. Platform model

The hardware platform on which the applications run pro-
vides n, processing units (PUs) in the set P = {¢1,..., ¥y, }.
P is partitioned into n; disjoint subsets / = {I,..., 1, } called
islands. The function p(t) : I' — I maps tasks to islands:
p(t;) = I; means that 7; executes on a PU of island I;. The
function (1) : I’ — P specifies on which PU the task runs. The
PUs of each island I are in turn partitioned into two disjoint
subsets: I;""" which can execute solely OpenMP DAGs in G*"7,

and I;°® on which only regular DAGs in G"*¢ can run. Each is-
land supports frequency scaling and can run at n different fre-
quencies, called operating performance points (OPPs), selected
in the discrete set ®; = {¢s,1, ..., 45, }. The real number ca-
pacity &g € [0, 1] characterizes each island 7, and is interpreted
as its maximum speed of computation: an island with capac-
ity 0.5 is two times slower than one with capacity 1. When an
island I; is configured at frequency ¢; ,, each of its PUs con-
tributes to the power consumption of the island in two ways:
when busy processing, the PU is associated with a power con-
sumption value P2, ; when idle, the PU consumes ..

To deal with heterogeneous processing on big. LITTLE-like
architectures, we use a different OpenMP runtime deployed on
each island I;, where it spawns a thread-pool of n"7 worker
threads to execute the OpenMP tasks placed on that island;
each spawned worker thread is statically pinned to a PU, there-
fore nWT < |Iy|. {n"T} are configuration parameters determined
by our optimization methodology. PUs having a worker thread
pinned to them can exclusively execute OpenMP tasks. When
a task satisfies all its dependencies, it is ready to be executed,
so the OpenMP runtime dispatches it to worker threads. As
mentioned in Section 3.1, the dispatch policy follows the GCC
dispatch model.

Regular DAGs in G"* are scheduled according to the Ear-
liest Deadline First (EDF) scheduling policy on the PU to which
they are assigned, meaning that jobs with smaller absolute dead-
line are considered as having higher priority, where the absolute
deadline of the k-th job of a task 7; in a DAG G is computed as
Tixg + d;.

The execution time of a task 7; follows the model of [44]
and is an expression of: the reference EETB of 7; made of C;
and C*; the capacity & and the OPP ¢, ,, of the island where it
runs. Formally:

ns
; /

Ci,s,m = C,m + Ts’ml(ps,ref' (5)
Alternatively, our approach also works if, instead of using Equa-
tion (5) to determine the scaled execution times, the values
come from profiling the tasks on the platform at every frequency,
or from the application of worst-case execution time (WCET)
estimation techniques. In the case where the C; ; ,, values are the
WCETs, then our approach provides hard real-time guarantees.
Notice that assuming known estimations for the execution time
bounds simplifies the analysis (allowing us to treat C;;,, as a
scalar value). Still, the results presented in this paper can be ex-
tended to situations where such bounds are unknown by using
probabilistic bound estimations such as the pWCET [45, 46].
We denote by Cr; = Yrer, Ci and Ur, = Cr,;/T the cumulative
reference EETB and the cumulative utilization of the tasks I';
in a DAG G, respectively.

4. Schedulability analysis

This section presents the proposed analysis for OpenMP
DAGs, which builds upon an existing analysis for regular DAGs,



presented in [8]. Both analyses are integrated into our optimiza-
tion framework (described later in Section 5.1) to support both
OpenMP DAGs and regular DAGs.

4.1. Analysis of regular DAG tasks

In the following, we report fundamental analytical concepts
relating to the analysis of DAGs, followed by a summary of the
schedulability analysis from [8]. Some of these concepts will
be later reused and adapted to the case of OpenMP DAGs.

The DAG topology defined in Section 3 restricts the par-
allelism of the execution of tasks. In fact, as formalized by
Equation (3), a task can only start when all its predecessors
have completed their execution. Therefore, not all tasks in I';
can run at the same time. This topological consideration paves
the way for schedulability tests that do not take into account all
tasks in the DAG, but only those that can possibly run concur-
rently. The schedulability tests described in the following build
upon the definition of reachability and unreachability.

Definition 1. Two tasks v,,7, € I';, 7, # 7} are reachable, i.e.,
T4 ~ Tp, if there exists a path in G j connecting them. Formally:

V1,7 €1, T4 # T ,Ta ~ T)p &
HIEN, Tiys Tigs oo Ti, €Fj|
(T, =Ta AT, =Tp) V (T3, =Tp ATy, = Ta)s

(i, Tie1) €E; VI =1,..,t = 1. (6)

Reachable tasks can never be executed concurrently, be-
cause there is a dependency relation between them that prevents
it. For identifying parallelism in the execution, the opposite
concept of unreachability is required.

Definition 2. Two tasks 7,,7, € I'j are unreachable, i.e., 7, ~
Ty, if no path exists in G ; connecting them.

In these definitions, it is handy that a task is not reachable
from itself, i.e., 7, ~ 7,. It is important to identify all sets of
unreachable tasks that can run in parallel. Given a DAG G, V;
is defined as the set of unreachable subsets of tasks belonging
to Gj:

Vi 2{S CTj | V14,1 €S, T4 7. @)
We define W; as the subset of V; with the biggest (“maximal”)
subsets of unreachable tasks.

Definition 3. Given a DAG Gj, W; is the set containing the
maximal unreachable task subsets of T';:

W; 2 (S e V; |38 e V;withS ¢ §}. 8)

The set W; is essentially the set of all possible combina-
tions of tasks in G; that can happen to be active and running
concurrently at any given time instant. In the example DAG
of Figure 4, the maximal unreachable task subsets for DAG G,
are:

W, = {{r¢), {17, 78}, {17, T10}, {78, To}, {70, 10}, {T11 )} (9)

v A GO~
Figure 4: Example of reference application made of two DAGs, G and G».

Identifying which tasks can run concurrently in a DAG at
any given time instant is key to derive an effective schedula-
bility analysis and to determine how much processing power
of PUs the DAG demands and how many tasks populate the
scheduling queues of the OpenMP runtime.

In the baseline analysis, compatible with regular DAGs only,
tasks in the DAGs are scheduled using an earliest deadline first
(EDF) scheduler based on the intermediate deadline d; com-
puted by the optimizer for each task. Individual tasks in DAGs
are not activated independently, nor do they have an individ-
ual period, as they follow the activation pattern (the period)
and dependencies of the whole DAG. Also, note that each task
7; € G; has a deadline d; that cannot exceed the DAG deadline
D;, which is lower than the DAG period T';. The analysis takes
into account the concept of constrained parallelism, as specified
in Definition 3. Each maximal unreachable task subset S € W;
is one of all possible combinations of tasks of a DAG G; that
can be active and running at any given time instant. By con-
struction, the tasks in § are the only tasks that can be running in
that combination; otherwise, S would not be maximal. There-
fore, the sets in W; do not interfere with each other, and the
schedulability can be assessed by considering one set at a time.

Focusing on a single DAG G/, only one subset of tasks
S € W, can be active at any given time instant. There might be
tasks of other DAGs executing on the PU y,: for each DAG,
only one unreachable task subset can be active. Hence, we
should theoretically compute all possible combinations of un-
reachable task subsets running on i, and separately evaluate
the schedulability of each of these. However, focusing on the
utilization, if we consider the combination of subsets that cor-
responds to the maximum total utilization on ¥, and this is
deemed schedulable, then all other combinations with lower
utilization are automatically schedulable.

The utilization of a generic subset S’ on a PU ¢, of an is-
land I;*® running at frequency ¢;,, is defined as the sum of the

utilization of all its tasks:
Ck s,m
., 10
> & w

€S’
XT=¢p

Ujpms =

The maximum contribution of G; to the total utilization on

W 1s the maximum over all its subsets:
W = max U, s . (11)

J.p.m L S L hps,

N er

Then, the combination of subsets with the maximum utilization
on ¥, is when we consider, for each DAG, its subset having the
maximum utilization as computed by Equation (11). Hence,
we apply the utilization-based test from [47] to the sum of the



maximum utilizations of all DAGs having tasks on ,:

max
} : Wipm = Unmax,
GeGres

12)

where U, < 1 is a configurable parameter that defines how
much bandwidth is left to non-real-time activities like OS tasks.

The schedulability of a regular DAG G is guaranteed when
the individual task deadlines d; for each 7; € G;, computed
to satisfy the end-to-end DAG deadline, are such that Equa-
tion (12) holds.

4.2. Analysis of OpenMP tasks

In the following, we derive a method to bound the waiting
time of OpenMP tasks in an OpenMP DAG in G*"*?, which can
be leveraged to evaluate their schedulability based on interme-
diate deadlines. We assume an OpenMP runtime assigning the
tasks in the DAGs in G to worker threads pulling them out of
a shared queue, as with the GCC implementation. This model
captures common OpenMP runtimes, and is also applicable to
other parallel runtime systems based on thread-pool execution
and a shared queue when respecting the assumptions in Sec-
tion 3.1.

Essential to determine the schedulability of an OpenMP DAG
is the derivation of an upper bound of the time spent by each
single task waiting into the shared queue before it starts exe-
cuting. The worst-case scenario for the waiting time of a task
7; € I'j, with G; € G, is when all tasks that can possibly run
concurrently with 7; have been added to the shared queue right
before it.

To this purpose, we need the following preliminary result:

Lemma 1. Given n tasks with EETB C;, served non-preemptively
in FIFO order by a pool of n"'T worker threads deployed on
CPUs within the same island and arriving into the shared queue

all at once when the pool is idle, with C; ordered by non-increasing

values, i.e., Ciy1 < C;, then the worst-case waiting time b, for
an additional (n+ 1)" task arriving at the system right after the
arrival of the preceding n tasks satisfies:

k
bu < Y oy with k= | | (13)

i=1

Proof. When the new task arrives, two situations are possible:
either the tasks have been dispatched equally in number to the
working threads, or there has been some imbalance. In the for-
mer case, n is necessarily a multiple of n%7, and each thread
has overall picked up exactly k tasks. Therefore, regardless of
which working thread ] extracts the new task for execution, the
condition is trivially satisfied: in the worst case, ] serves the k
tasks with highest EETB, which is exactly Equation (13). For
the imbalanced case, we distinguish between (i) a scenario in
which a subset of worker threads have picked up exactly k + 1
tasks, and the others have picked exactly k tasks; and (ii) the
other scenarios where the queues are imbalanced. In case (i),
let {f;} denote the time instants at which the worker threads
finish executing their currently allocated tasks. In that case,

the scheduling policy picks the worker thread j with the ear-
liest finishing time f; = minjg _,wr) { fj}, where the finish-
ing time for each queue is equal to the sum of the {C;} val-
ues of the tasks served by that queue. If said worker thread is
one that served k tasks, then the condition is satisfied. If, on
the other hand, it is one having served k + 1 tasks, this hap-
pens because its f5 is earlier than the finishing time of all other
worker threads, including one worker thread j that is handling
k tasks. Therefore, b, = fj < fj. Since f; is upper-bounded
by the sum of the greatest k {C;} values, the condition is veri-
fied: byy1 = f5 < fj < Zf;l C;. In case (ii), we have at least
one worker thread with at least k + 2 tasks. However, given that
the overall number of tasks is n, there must be another worker
thread having at least one less task, either from k + 1 down to
k, or from k down to k — 1. If the policy selects j as a worker
thread with k + 2 tasks, then it must be that its finishing time fj
is smaller than the finishing times of all other worker threads,
including necessarily at least one worker thread j with k or even
with k — 1 tasks. Therefore: W = f, < fj, with f; containing at
most k tasks, which again satisfies the condition. O

Following the same rationale as the schedulability theory
derived in Section 4.1 for regular DAGs, not all tasks of G;
can run in parallel with 7;. Using the definition of unreachable
task subsets W; for G; (Definition 3), it is possible to derive
the task subsets that contain 7;, thus identifying the tasks in G;
that can possibly run concurrently with 7;. The definition is
more general, as it applies to a generic DAG G; regardless of
whether it is OpenMP or regular.

Definition 4. Given a DAG G; and a task 7; € I';, G; € G,
A; is the set containing the largest unreachable subsets of T';
containing t;, where the tasks of each subset S can be executed
concurrently. Formally:
A2{sew|res). (14)

A; then contains subsets S where each identifies a possi-
ble scenario of parallelism for task 7; due to tasks of the same
DAG G;. However, as explained in Section 3.3, the OpenMP
worker threads of an island I;""” serve all OpenMP tasks (even
from different DAGs) placed on that island. Hence, 7; may see
tasks from other OpenMP DAGs queued before it. Since DAGs
are independent in our model, all possible combinations of un-
reachable task subsets of all other DAGs need to be evaluated
to determine the worst-case waiting time of task ;.

Let us first define the product operator - between two sets
of unreachable task subsets.

Definition 5. The product operator - between two sets of un-
reachable task subsets W, and Wy, is defined as:

W, W, 21{S,US,|S,€W,, Sp e W) (15)

We denote by [;_, Wy = Wi - W, - ... - W, the product with
n task subsets W;. Now we can define the set of all possible
combinations of unreachable task subsets.



Definition 6. Given an OpenMP DAG G; € G and a task
7; € I'j, the set ©; is defined as the set of all possible combi-
nations of unreachable task subsets contained in A; and in all
Wi, Gy € G, k # j. Formally:

@ = A, - H W (16)

GreGomP
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In summary, each subset Z, € ©; is the union of an un-
reachable task subset for each OpenMP DAG. Therefore, Z,
contains the OpenMP tasks in I" that can run in parallel with
7;, and ©; collects all possible cross-DAG parallel scenarios for
7;. Considering the example of Figure 4, the set of all parallel
scenarios for 7, of DAG G is:

O = {{12, 73,74, T6}, {12, 73, T4, 77, T3},
{12, 73,74, 77, T10}, {72, T3, T4, T8, To},

{12, 73,74, 79, T10}, {T2, T3, T4, T11}}.

Recalling the OpenMP runtime model in Section 3.1, the
OpenMP worker threads of an island part I;""” serve all tasks
mapped on I;"”. Essential to determine the waiting time bound
for a task 7; mapped on I;""" in the OpenMP queues is filtering
out from each parallel scenario Z, € ©; the tasks that are not
running on /{"*”, thus obtaining Z/, € O;:

0] 2{Z ={neZlpr) ="} 1Z, €0} (17

As mentioned, we assume that OpenMP tasks placed on an
island part I;"" are dispatched to the worker threads through a
shared queue of ready tasks. Using the above resultin Lemma 1,
consider a scenario for 7; where it is scheduled in parallel with,
say, the v-th subset Z; € ®;. Then, Lemma 1 allows us to de-
rive the worst-case waiting time for 7; before execution on the
island I; = p(r;) having n/'” OpenMP worker threads:

-1
nqueue — \‘l'Z\;' J .

V,s
ny™

(18)

Because we aim to evaluate the worst-case waiting time in
the queue for 7;, the most unfortunate case for it is when the
longest nl'{" tasks in Z/, are already queued, that is, the niy "
tasks with the largest EETB in ;.

Given the above-introduced notation, we are now in the po-

sition to state the following:

Lemma 2. Given a task t; € I'j, with G; € G°", placed on the
island part I,""", that is, p(t;) = I, operating at frequency ¢,
and the v-th unreachable tasks subset Z;, € O, consider the set
Z’vd” containing the tasks in Z,, except T;, that is, Z’vd” =2Z\
7, and assume that the tasks in Z'%* are sorted by decreasing
EETB. An upper bound on the worst-case waiting time for T; in

the queue in the scenario Z,, is given by

Ck,s,m' (19)

{rkeZie | k<nfld™)

bi,s,m,v =

The worst-case bound for 7; is computed as the maximum
over all sets Z’% transformed from Z/ € O

bi,s,m = H}aé(v bi,s,m,v- (20)

V=i

Hence, a feasible deadline assignment for an OpenMP task 7;
guaranteeing its schedulability must satisfy:

di > bi,s,m + Ci,s,m- (21)

5. Optimization of task placement and frequency scaling
configuration

This section describes an optimization approach for the place-
ment of time-triggered DAG-based applications, both regular
and developed with OpenMP, on DVFS-capable hardware plat-
forms having heterogeneous-capacity islands. This approach
pursues the objective of minimizing the power consumption fol-
lowing two strategies: Section 5.1 derives a MIQCP formula-
tion of the optimal design problem, whereas Section 5.2 builds a
heuristic placement algorithm that returns suboptimal solutions
in a short amount of time. Both algorithms make the following
configuration decisions:

o determination of the number of OpenMP worker threads
n"T for each island I; € I. Since n"7T is equal to the

number of PUs dedicated to OpenMP DAGs I, this is
equivalent to partitioning the PUs into I;""" and I;°%;

e placement of each task of regular DAGs on an island /,
and specifically on a PU in I;°*;

e placement of each OpenMP DAG on an island I; dif-
ferently from regular DAGs, tasks of the same OpenMP
DAG must be placed on the same island. No specific
assignment of tasks to a PU is made, as the OpenMP run-
time will dynamically select a worker thread (thus a PU)
for each task when they’re pulled out of the shared queue;

o configuration of the OPP of each island /.

Additionally, each task 7; € I'; is assigned an appropriate
intermediate deadline d;, which helps in meeting the DAG end-
to-end deadline D);.

The optimization algorithms are based on the timing analy-
sis presented in Section 4, which is needed to determine whether
DAGs meet their end-to-end deadline or not. The approach
is validated in Section 6.4 with experiments on an embedded
Linux board.

5.1. MIQCP formulation

In the following, we describe the proposed MIQCP formu-
lation by enumerating the considered variables, objective func-
tion, and constraints.

Placement variables. The placement of tasks on PUs mod-
eled by the function y(t;) is encoded as a set of binary vari-
ables {x;,}, with x;, = 1 when x(7;) = ¢, and O otherwise.
Similarly, the function p(t;) representing the placement of tasks



onto islands is translated as a set of binary variables {m; ;}, with
m;s = 1 when p(1;) = I; and 0 otherwise. The partition of the
PUs of each island I; into 1. and I;°® is encoded as a set of
binary variables {a; ,}, where a,, = 1 indicates that y, € I7""
and thus ¢, executes OpenMP tasks only, whereas a, , = 0 in-
dicates thaty, € I;*® and that it executes regular tasks only. The
frequency configuration of each island is expressed with a set of
binary variables {y;,,}. When y;,, = 1, the island /; operates at
frequency ¢y,,. To simplify the writing of problem constraints,
another set of binary variables {z; , ,,} is introduced, which en-
code the logical AND operation x;, Ay, with ¢, € I, (which
are expressed as linear constraints).

Optimization objective. The objective of the optimization is
to minimize the average power consumption of the DAGs de-
ployed on the hardware platform. The mapping of tasks to is-
lands affects power consumption, as islands have diverse energy-
efficiency characteristics. Adopting in the optimizer the power
model discussed in [44] results in the following objective func-
tion:

min P = Z Z

peEP medy,)
ZipmCi
[ i,p,m“i,s(p),m
yf(l’)’mps(p),m + APS(I’),m Z T— > (22)
7€l j@
B [
AP =Psm = Psms (23)

where s(p) identifies the index s of the island /; to which ¢,
indexed by p, belongs, j(i) the index j of the DAG G; 7; be-
longs to, and C’,-’s(p)‘m is the average execution time of 7; when
deployed on s, at frequency ¢, ,,. Equation (22) computes the
average power consumed by the platform by summing the idle
power Pé(m)m, which varies with the configured frequency of
each island, and the contribution to the busy power of the appli-
cation. The latter term depends on the average workload over
time due to all tasks placed on the PU. The variables {z; , ,,} se-
lect the tasks that are effectively placed on s, at frequency @ .
In Equation (22), one can also use the EETBs C; 4, in place
of the C; 5)m» Obtaining a conservative estimate of the average
power consumption of the platform.

Constraints. The DAG topology imposes constraints on the
release and finishing times r;; and fi; of tasks, as stated in
Equation (3). In the MIQCP formulation, we remove the de-
pendency on the DAG instance k by reasoning with the latest
possible finishing times f; relative to any DAG activation. Re-
calling that any individual task 7; must complete within its in-
dividual deadline d;, the topological constraints of Equation (3)
can be expressed with the latest finishing time f; only:

fi= max {fi}+d;, Viel; (24)
HD S

In no DAG instance k the finishing time of 7; can be greater than

f;» because all tasks complete within their d;. The end-to-end

DAG latency guarantee is enforced by the following constraint

on the last task:

fo, < D;. (25)

Tasks of the same OpenMP DAG need to be deployed on the
same island /;:

mis =mys V1,7 €0, Gje G™P. (26)

A crucial part of the problem for meeting end-to-end DAG dead-
lines is the schedulability of tasks on PUs. When dealing with
regular DAGs, the schedulability analysis presented in Section 4.1
is applied by making Equations (11) and (12) compliant with
the variables of the problem formulation:

1
max
U ——maxg — E ZipmCis s
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where z;,,, selects the current placement of 7; and the fre-
quency configuration of /;. The above constraint is quadratic,
because the d; variable is at the denominator.

The decisive parameter for the scheduling of OpenMP DAGs
is the number of worker threads n"'7 for an island /. As ex-
plained in Section 3.3, each worker is statically pinned to a PU,
so the determination of n'7 is equivalent to determining its part
I7"" . The former number can be encoded with a set of real vari-
ables defined as follows:

WT _
W= S

UpEly

(28)

The computation of the waiting time bound b; ;,, of Equa-
tion (20) for an OpenMP task 7; involves the search over every
subset Z| € O of the longest tasks that in the worst case are
enqueued before 7; in the runtime queues. In the MIQCP for-
mulation, Z, which contains the tasks in Z, mapped on 7",
is computed on-the-fly from Z, with the use of {m; ,} variables.
The selection of the longest tasks in each subset happens via a
set of binary variables {«; s}, with @z, = 1 meaning that
task 7y is one of the longest tasks of Z, that must be considered
in the waiting time bound for 7; on I;"”. Note that a; s, = 1
assumes that 7; and 7 are placed on the same island I, other-
wise Ty can never happen to be in the same queue with 7; and
iksy = 0. Equation (18) states the number of tasks concur-
ring in the bound, which then constrains the sum of the {a; s}
variables set to 1 for each subset v:

ZTkEZ\, mk,s -1
E Ajkys = WT . (29)
€l ns
TkFETi

The sum of my, ; variables counts the tasks of Z, that are mapped
on Iy"”, which is equivalent to |Z}|. Note that the denomina-
tor of the fraction is the variable n!'”, hence the constraint is
quadratic. The linearization of the floor operator is performed
using standard techniques.

The {a; s} variables are needed to find the longest tasks in
Z,. The bound to the deadline d; of Equation (21) is encoded
by the following constraint:

di > Ci,s,m + max Z ai,k,v,xck,s,m VZV € ®i-

@jky,s } 7eZ,
v
TRFTi

(30)



With the sum of {a; s} locked by Equation (28), the max oper-
ator finds the nf{" longest tasks in Z,. Writing the constraint
above YZ, € 0, is equivalent to finding the maximum over all
subsets of @, as Equation (20). The max operator is encoded

with standard techniques.

5.2. Heuristic solver

The optimal approach presented in Section 5.1, like most of
the approaches based on integer linear programming, does not
scale well with large-size placement problems, and the solver
may take several hours to obtain the optimal solution. As an
alternative to the MIQCP formulation, this section describes
a heuristic algorithm for the power-aware placement problem,
which determines suboptimal placement solutions in signifi-
cantly less time. The heuristic placement strategy is detailed
in Algorithm 1.

The procedure takes as input parameters the set of islands 7
in the system, the OPPs in @, the DAGs G™¢ and G°™*?, and the
tasks I', and it returns whether the provided system is feasible
or not. The algorithm starts by sorting the tasks by descend-
ing EETB and the DAGs by descending cumulative utilization
Ur (Lines 2-3). Then, the function proceeds with an initial-
ization phase (Lines 4-6), where each island is set to its max-
imum frequency, that is, the most advantageous condition for
the schedulability. All PUs are initially configured to sched-
ule OpenMP tasks only, as the algorithm maps OpenMP DAGs
first. The function then attempts to place OpenMP DAGs one
at a time, from the lowest-capacity island onwards, so as to
prioritize low-power islands and minimize the overall energy
consumption (Lines 7-12).

The schedulability of an OpenMP DAG is checked with
the 1sOMPDAGSCHEDULABLE routine (described in Algorithm 2),
which implements the analysis presented in Section 4.2. For
all tasks in the OpenMP DAG, the function sets the respec-
tive deadline to its worst-case traversal time. The worst-case
traversal time requires computing the waiting time bound of
Lemma 2 (Line 9 of Algorithm 2) by analyzing all possible
parallel scenarios in which the given task can be found based
on type of cores the DAG is assigned to and the corresponding
frequency settings (Line 5). After computing all task deadlines,
the algorithm ensures that all deadlines are compatible with the
DAG end-to-end deadline (Line 11). Specifically, the procedure
cHECKDAGDEADLINE verifies that the critical path of the DAG,
expressed in terms of intermediate deadlines, is smaller than or
equal to the end-to-end deadline.

Based on this schedulability test, if no island makes the
DAG schedulable in Algorithm 1, then the placement problem
is deemed unfeasible. Otherwise, after mapping all OpenMP
DAGs, the pLACEMENT procedure proceeds by partitioning the
island into I;"" and I;°® by reducing the number of OpenMP
worker threads to the minimum that preserves the schedulabil-
ity of OpenMP DAGs, so as to leave available as many PUs as
possible for the placement of regular DAGs (Lines 13-18). The
AREOMPDAGSSCHEDULABLE procedure invokes sSOMPDAGScHEDU-
LABLE (Algorithm 2) on all OpenMP DAGs to check their schedu-
lability.

Algorithm 1 Heuristic frequency scaling configuration and
placement optimization procedure.

1: function pLACEMENT(I, @, G", G’ ,T")

2 SORTDESCENDINGEETB(I')

3: SORTDESCENDINGUTIL(G)
4
5

for I, € I do
SETISLANDFREQUENCY ([, @51) > D, sorted by descending
frequency (¢, is max)
Y M > All PUs for OpenMP DAGs
for G; € G do > Mapping OpenMP DAGs
for I{"" € I sorted by ascending capacity & do

if 1SOMPDAGSCHEDULABLE(G j, ;") then
10: pLACEDAG(G, I7™)
11: L break > Moving to DAG G ;4
12:  if G, not placed then return UNFEASIBLE
13: for I{"" € I do > Reducing the number of OpenMP worker
threads

14: for y, € I;"" do

15: I — 1\ (g,

16: if =AREOMPDAGSSCHEDULABLE(G™, I;"") then

17: " — 19" U {y,)

18: break > Cannot lower OpenMP worker threads
| anymore on 1"

19: ASSIGNINDIVIDUALDEADLINES(G™®) & Using deadline splitting

with nominal EETBs

20: forr; €I; | G; € G do > Mapping regular DAGs

21: for I, € I sorted by descending capacity do
22: ¥, < FINDPUWORSTFIT(I{*®, 7;) > Finding the PU with
lowest utilization < U,

23: if ¢, not null then

24: L PLACETASK(7;, ¥,)

25: break > Moving to task Ty

26: ASSIGNINDIVIDUALDEADLINES(G ;) > Reassigning dead-
| lines when moving to 1:‘_|

27:  if 7; not placed then return UNFEASIBLE

28: for v, €I'; | G; € G do > Trying to move tasks to lower-

apacity islands

29: I.°® « GETMAPPEDISLAND(T;)

30: for I;* € GerLowerCapaciTYIsLANDS(/; %) do

31: ASSIGNINDIVIDUALDEADLINES(G ;)

32: ¥, < FINDPUWORSTFIT(I,**, ;)

33: if ¢, not null then

34: | L PLACETASK(7;, ¢),)

35: if ~AREREGDAGSSCHEDULABLE(G"*¢) then

36: | | return UNFEASIBLE

37: for I, € I do > Lowering frequencies until unschedulable

38: for ¢;,, € O, \ (@1} do > O sorted by descending fre-
Juency

39: SETISLANDFREQUENCY ([, @;,,)

40: if ~AREALLDAGSSCHEDULABLE(G) then

41: L SETISLANDFREQUENCY ([, @ 1n—1)

42: L break

43: return FEASIBLE




Algorithm 2 Checking schedulability of an OpenMP DAG.

1: function 1SOMPDAGSCHEDULABLE(G j, ;")

2: T — |IJ™| > Number of OpenMP worker threads (see
Sec. 3.3)
3: for all 7; € I'; do > Computing the deadline of each task in G;

d; < 0» The deadline of task t; is its maximum traversal
time

5: for all Z} € ®! do > Considering all parallel scenarios for
T; (see Eq. 17)
6: .Z:,d” «— Z, \ {1} » Considering the interfering tasks
(see Lemma 2)
. 1<) -1 :
7: nl' . > Worst number of tasks queued

.
v,

nWT

before t; (see Eq. 18)

8: Let 7y, . .., T(zues), be tasks in Z/% sorted by de-
scending C
ndiene .. . . .
9: bismy — 2y Chsm > Waiting time for 7; in the cur-

rent scenario (see Lemma 2)

10: d; «— max (d;, bismy + Cism) > Finding the maximum
| traversal time for T; over all parallel scenarios

11: if —~cHECKDAGDEADLINE(G ;) then

122 | | return UNSCHEDULABLE

13: | return SCHEDULABLE

Algorithm 3 Deadline splitting procedure.

function SPLITDEADLINE(T g, Ty, D)
P « GETCRITICALPATH(T ., Tysr)
L <« GETPATHLENGTH(P)
for 7; € P do
dfww — % X Ci
if d; = 0V di*" < d; then > Update d; only if it is tighter
han the previous value
{ di — d;ww
for 7, € GETSUCCESSORS(T ) do
9: | | SPLITDEADLINE(Ty, Tyy, D — dyre)

1:
2
3:
4:
5.
6

% X

Algorithm 4 Checking schedulability of all regular DAGs

1: function AREREGDAGSSCHEDULABLE(G"$)

2: for G; € G do

3: if —cHECKDAGDEADLINE(G ;) then > Checking end-to-end
leadline

4: .| return UNSCHEDULABLE

5: for I, € Ido

6: for Y, € I{* do > Checking utilization on each PU (see
Eq. (12))

7: U, <0

8: for G; € G do

9: u;"p“"m — Sm,gvxj Z, C;;m > m is the OPP index

T(ES
XT)=Yp
Dsm

10: Up = U, +ui,

11: if U, > Uy, then

12: L | return UNSCHEDULABLE

13: | return SCHEDULABLE
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The algorithm then moves on with the placement of tasks in
regular DAGs. The schedulability test of regular DAGs on PUs
requires the utilization of the single tasks; therefore, at Line 19,
the deadline splitting function is called to determine the individ-
ual deadline of tasks on the basis of their reference EETB, as
no placement has been made yet. The algorithm follows state-
of-the-art techniques [32] where the end-to-end DAG deadline
is distributed to single tasks proportionally to their EETB. The
core function of the deadline splitting procedure is detailed in
Algorithm 3. Given a DAG G, the splitting function finds the
critical path between 7, and 7., in terms of EETBs, that is,
the path connecting 7, and 7., having the highest sum of the
EETBs of the traversed tasks, and proportionally assigns an in-
dividual deadline to its tasks. Then, it proceeds recursively on
the critical paths starting from all successors of 7, and ending
on 7., considering an overall deadline reduced by the deadline
assigned to 7y,.

The placement of regular DAGs in Algorithm 1 happens
from Line 20 to Line 27. Starting from the highest-capacity is-
land, in order to facilitate the schedulability, the algorithm calls
the FINDPUWORSTFIT function at Line 22, which finds within
the current island the PU with the lowest current utilization
(hence the name worst-fit, with reference to the terminology
of bin-packing heuristics). This is done to distribute the placed
tasks over the available cores in a balanced fashion, so to in-
crease the chance of lowering the island frequency later in the
final frequency assignment step (Lines 37-42)%. Note that reg-
ular DAGs are placed using only cores left unused by OpenMP
DAGs, that are placed earlier 3. To ensure schedulability, the
capacity of the returned PU must be below U, after placing
the current 7; on that PU. If the worst-fit algorithm cannot find
any feasible PU, then the function proceeds with the next lower-
capacity island, thus acting in a similar fashion to a worst-fit
bin-packing heuristic on the available PU capacities. Before
testing the next island, the deadline splitting is performed again
to properly account for the fact that the tasks that will be pos-
sibly placed on the next island will have higher EETBs due to
Equation (5) (Line 26). Therefore, their individual deadline is
relaxed accordingly.

The placement algorithm then tries to move as many tasks
as possible from high-capacity islands to low-capacity ones (Lines
28-34), with the aim of minimizing the overall energy consump-
tion. The function GeTMAPPEDISLAND(T;) returns the island I
where 7; is currently placed with the help of the p(t;) function.
After reassigning the individual deadlines due to the possible
placement on a lower-capacity island, FInDPuWorsTFiT is called
again to find a suitable PU for the current task 7; on the new is-
land and, if that is the case, the task 7; is reassigned to that
island.

On Line 35, the algorithm verifies the schedulability of the
placed regular DAGs to ensure that the obtained placement is

2As opposed to that, both first-fit and best-fit heuristics would have the
drawback to load one or a few CPUs much more than others in the island,
impairing the possibility to lower its frequency later.

3If we placed regular DAGs first, then the worst-fit heuristic would end up
using as many cores as possible, leaving no cores available for placing OpenMP
DAG:s later



feasible. The procedure for doing so (AREREGDAGSSCHEDULABLE)
is described in Algorithm 4. Fundamentally, the function per-
forms the PU utilization test of Eq. 12 on each PU after identi-
fying which tasks are placed on the PU (Line 9 of Algorithm 4).

Finally, on Lines 37-42, the pLACEMENT function attempts
to reduce the OPP of all islands to the minimum that retains
schedulability, as lower frequencies correspond to lower power.
The schedulability is checked with AREALLDAGSSCHEDULABLE,
which simply invokes AREOMPDAGSSCHEDULABLE on all OpenMP
DAGs and AREREGDAGSScCHEDULABLE on all regular DAGs. At
this point, our heuristic has all tasks of all regular DAGs placed
on specific cores with pre-computed intermediate deadlines, and
all OpenMP DAGs placed on dedicated OpenMP cores. Un-
der these conditions, given the monotonically decreasing be-
havior of tasks EETBs with respect to the frequency of their
assigned cores (Eq.(5)), each island has a minimum frequency
below which it is impossible to guarantee schedulability of the
DAGs. Using any set of frequencies above such minima ensures
schedulability as well. Therefore, our heuristic at Lines 37-42
finds this set of minimum frequencies (in the worst-case, these
end up being the maximum allowed frequencies for all islands).
For platforms with a high number of frequencies, it would be
advisable to use a binary search to make this part of the algo-
rithm more efficient.

6. Experimental evaluation

This section presents the results of an experimental evalua-
tion and validation of the two proposed optimization approaches
with randomly generated DAGs deployed on an ODROID-XU4
embedded board. The implementation is publicly available on-
line [48].

6.1. Generation of random DAGs

The number ng of DAGs to be generated for each task set
T is fixed to ng = 3. For each task set I', its first DAG G is
always flagged as an OpenMP application (i.e., it is inserted in
G°"P), while the others are flagged as such with a probability
of 0.2. The remaining DAGs are flagged as regular DAG-based
applications (i.e., they are inserted in G"%).

The topology of the DAGs G in each task set I is randomly
generated with the generation strategy in [49]. Topology gen-
eration for each DAG starts by first producing a series-parallel
graph with multiple levels of nested parallel branches. This
series-parallel graph is obtained starting from an initial graph
composed of two interconnected nodes (i.e., the source node
and the sink node of the DAG) and then by recursively ex-
panding each non-sink node into a set of additional parallel
subgraphs with a given probability, until a recursion limit is
reached. The generation parameters Ryec, Ppar, and n1p,, respec-
tively select the maximum recursion depth, the probability with
which a non-sink node is expanded into a parallel subgraph by
forking it into a number of parallel successor nodes, and the
maximum level of parallelism resulting from each node expan-
sion; specifically, the number of branches into which a node
is expanded is selected from the discrete uniform distribution
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[2,n,4,]. The resulting series-parallel graph is then transformed
into a DAG by randomly adding edges between pairs of nodes
with a probability p,4,, without introducing cycles.

Given this strategy to generate the DAG topologies, the ran-
dom generation procedure for the scheduling parameters in each
DAG G; is as follows [29, 50]. Given a parameter Ur repre-
senting the desired overall system utilization for an application
I', the UUniFast algorithm [51] is applied to generate the cu-
mulative utilization Uy, for the tasks I'; of each DAG G; in T,
such that }r r Ur; = Ur. For each DAG G, the minimum
inter-arrival time 7'; of the tasks in T’ is selected from a discrete
log-uniform distribution in the range [7 iy, Tmax], Whereas the
deadline of G; is set to D; = T; (implicit deadlines). The cu-
mulative EETB Ct; of G; is then set to C; = T; - Ur;, and the
reference EETB C; of each task 7; € I'; is generated by apply-
ing the UUniFast algorithm to partition the available cumula-
tive EETB Cr/. among the tasks in I';, such that Zr,er, C; = Cr/..

Specifically, UUniFast is used to uniformly select |F j| real val-
ues ¢; € [0, 1] with the constraint that Zrier, ¢; = 1; then, the
EETB C; for each node 7; € I'; is set to C; = Cr; - & The
generation procedure for each task 7; is repeated in case either
(i) C; > D; holds for some node 7; € I';; or (ii) the length of
the critical path of G; in terms of traversed EETBs of the corre-
sponding tasks I'; exceeds the deadline D);.
For all system configurations, the generation parameters were

set as follows: nyee = 2, Hpar = 3, ppar = 0.6, paga = 0.01,
Tpnin = 100ms, and 7', = 1000 ms.

6.2. Hardware model parameters

For the placement problem, we considered a reference logi-
cal platform modeling an Arm big. LITTLE architecture. Specif-
ically, the placements determined by the proposed algorithms
are validated in Section 6.4 with an ODROID-XU4 embed-
ded board, which is based on a Samsung Exynos5 Octa ARM
big.LITTLE CPU [52]. In detail, the hardware model is equipped
with eight cores, evenly clustered into two islands. The big
island with four Cortex-A15 cores is more powerful in terms
of computational power, since it has capacity & = 1, but is
more energy-consuming. The LITTLE island with four Cor-
tex A7 cores is instead energy efficient, but has lower capac-
ity: & = 0.44. Each island has DVFS capabilities. LITTLE
cores can run at a frequency ranging from 200MHz to 1.4GHz,
whereas big cores from 200MHz to 2GHz. However, to avoid
thermal throttling issues, the maximum frequency of big cores
has been limited to 1.4GHz. In our model, the frequency can be
configured at discrete points in the range [200MHz, 1400MHz],
with a step of 100MHz.

The power consumption values Pé - and Pﬁp)’m for each
island and OPP for use in Equation (22) are configured based on
the measurements reported in previous work for the ODROID-
XU4 embedded board [8].

6.3. Results of placement optimization

The DAG generator presented in Section 6.1 was used to
generate test cases by varying the total utilization Ur in the
range [0.5, 3] with a step of 0.5. 70 scenarios were generated



for each utilization point, thus obtaining 420 test cases in to-
tal. Each test case was optimized by both the MIQCP optimizer
of Section 5.1 and the heuristic placement algorithm of Sec-
tion 5.2. The MIQCP formulation was solved using Gurobi [53],
a commercial solver for linear and quadratic programming prob-
lems. The optimizers were executed on a desktop computer
equipped with the Intel Xeon CPU E5-2640 having 40 logi-
cal cores (the physical ones are 20) running at 2.40GHz, and
with 128GB of main memory. For the purpose of analysis
and optimization, the U,,,, parameter was set to 0.95. This re-
flects the typical default configuration of Linux-based systems,
where, when scheduling real-time processes, 5% of the proces-
sor bandwidth (50ms every 1s) is reserved for the execution of
non-real-time activities.

We initially performed a small set of experiments with a
subset of the generated DAGs to tune the timeout for Gurobi.
After several attempts with variable timeout, we set it at 3h: this
value allowed to obtain either a feasible solution or the deter-
mination of unfeasibility in 95% of the evaluated cases. Such
a timeout value enabled a large and exhaustive evaluation of
the proposed approaches. A few selected test cases for which
Gurobi, at the expiration of the timeout, terminated without a
feasible solution, were executed again with a 24h timeout.

Figure 5 shows the number of tests each algorithm managed
to optimize (Y axis), per total utilization (X axis). Their abil-
ity to solve the optimization problem is comparable. In both
cases, there is a substantial degradation of the problem feasi-
bility when Ur > 2. The small gap between the MIQCP and
the heuristic solutions when Ur € [0.5,1.5] is due to the 3h
timeout in Gurobi: in those cases, the timeout expired when the
solver had not found any feasible solutions yet. A few cases
were optimized again with a 24h timeout to mitigate the gap.
With Ur € [2.0, 3.0] the heuristic algorithm solved fewer cases:
with increasing utilization values, the problem becomes more
complex. Since the MIQCP has more freedom in the placement
decisions than the heuristic solver, it has more chances to find a
solution.

A qualitative comparison between the results of the two op-
timizers is presented in Figure 6. Each solution is represented
as a point whose X-axis value is the power consumption £ of
that placement, and its ordinate is the runtime of the optimizer
to return that solution. The resulting spacial representation de-
notes the largeness of the runtime of Gurobi, that is orders of
magnitude greater than that of the heuristic placement. The lat-
ter instead is almost always below 10s, making it suitable for
large-scale problems. However, the distribution of the place-
ments found by the MIQCP formulation appears to be more on
the left side of the plot, meaning that the optimal solver tends to
find lower-power configurations. This is supported by the fact
that the MIQCP formulation finds the optimal value, with the
downside that it requires more time to execute.

A quantitative evaluation of the placements found by the
heuristic solver is showed in Figure 7, which is based on the
definition of cost of the heuristic expressed as a percentage

ot
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value and computed as x 100. This serves to as-

sess how far the placements found by the heuristic solver are
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Figure 5: Number of optimized scenarios for the optimal and heuristic place-
ments as a function of the total utilization. The problems the MIQCP could
not optimize with Ur € [0.5,1.5] are due to the 3h timeout: when it expired,
Gurobi had not found any feasible solutions yet.
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Figure 6: Spacial representation of the obtained placements by the MIQCP
optimizer and the heuristic placement algorithm, where the X axis is the power
consumption of the placement and the Y axis is the time the optimizer took to
obtain that solution.

from the optimal value. The plot shows the cost statistics as a
function of the total utilization Ur. The average cost in the per-
formed experiments is lower than 4%, which demonstrates that
the placements found by the heuristic algorithm are close to the
optimal placements found by the MIQCP. In conclusion, the
heuristic solver proved to optimize the generated placements
in a significantly reduced time compared to the MIQCP-based
optimal solver, without sacrificing much the number of solved
problems and the quality of the solutions in terms of power con-
sumption.

6.4. Validation on Linux

To verify on a real system the validity of the two optimizers
and to show that the presented mathematical model matches an
actual OpenMP implementation, a simple test application was
written using the C language. Such an application, named rt-
dag, implements an arbitrary real-time DAG that is activated
periodically. Each node of the DAG consumes a predefined
amount of CPU time and can be executed in a POSIX thread
(created and handled using the pthread library) or an OpenMP
task. In the first case, rt-dag creates a POSIX thread per DAG
node and schedules it with the Linux SCHED_DEADLINE [54]
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Figure 7: Cost increase over the optimal power (found by the MIQCP opti-
mizer) of the heuristic placement as a function of the total utilization.

scheduler with the runtime and deadline computed by the op-
timizers. Each thread is blocked on a condition variable. The
thread corresponding to the first node of the DAG is periodi-
cally woken up by using the clock_nanosleep() call, while
the other threads are woken up when all their inputs are gen-
erated by the corresponding threads. In the second case, the
application periodically executes the first node of the DAG, dy-
namically creating an OpenMP task per node with the #pragma
omp task directive, using the depend option to let the task ex-
ecute only when all predecessors have finished.

The program reads the description of DAGs from files in
the YAML format (one file per DAG) generated by the optimiz-
ers. These files describe tasks and dependencies, their schedul-
ing algorithms and placement, and the frequency configura-
tion. The program executes the DAGs using POSIX threads
or OpenMP and sets the CPU frequency with some additional
shell scripts according to the output of the optimizer. The last
node of the DAG measures the response time of the DAG and
saves it in an array that is printed at the end of the program’s
execution (so that outputting the response times does not affect
the execution of the DAG).

This software setup was used to test whether the response
times of the DAGs met their imposed deadline when the ap-
plication ran on the ODROID-XU4 board described in Sec-
tion 6.2, with the DAG deployment and the frequency configu-
ration found by the optimizers. 78 DAG configurations returned
by the heuristic solver and 79 obtained with the MIQCP formu-
lation were executed on the board and the generated response
times were compared with the DAG deadlines. We considered
the response time of the k-th activation of a DAG G as the time
difference between the finishing time of the last task of the DAG
and the start time of its first task. We computed the slack of a
DAG instance as the time interval between its finishing time
and its deadline, and we normalized it with the deadline, i.e.,

Dj_fej,k‘*'rvi,

B, 3 Every DAG was executed for 200 periods, and the
normalized slack of every periodic activation was measured.

The aggregated results are shown in Figure 8 and are grouped
by total utilization. All measured slacks are strictly greater
than 0, which means that all DAG instances met their dead-
line during the validation runs, confirming the correctness of the
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Figure 8: Relative slack (normalized with the deadline) of the DAGs measured
in the validation experiments as a function of the total utilization.

analysis and design. Interestingly, the placements obtained by
the MIQCP formulation exhibit a lower slack on average com-
pared to the heuristic placements. This is because the MIQCP
optimizer finds the lowest-energy system configuration, which
makes the tasks run longer and generally closer to their dead-
line, than in the case of the configuration found by the heuristic
algorithm.

7. Conclusions and future work

This paper proposed a workflow to deploy OpenMP and
general DAG-based applications on Arm big. LITTLE-like het-
erogeneous platforms with the aim of minimizing energy con-
sumption while meeting end-to-end latency constraints. First,
a schedulability analysis for multiple DAG-based applications,
optionally supporting OpenMP parallelization, was presented.
Then, a pair of optimization methods are presented to determine
a suitable allocation of tasks to the cores in the platform: an op-
timal solution to the problem was formulated as MIQCP, and a
heuristic algorithm was developed for fast, good quality solu-
tions. The approach was also validated on an ODROID-XU4
board. In the future, the placement strategy can be extended to
configure OpenMP priorities to improve real-time performance.
Also, hardware accelerators (e.g., GPUs) can be considered in
the placement problem.
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