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Abstract—Real-time applications are increasingly compute-
and data-intensive, often incorporating machine learning and Al
workloads. These applications typically execute on heterogeneous
platforms that combine multicore processors with GPUs and, in
some cases, additional hardware accelerators. While gang task
models effectively capture the computation on GPUs and other
accelerators, Directed Acyclic Graphs (DAGs) are well-suited to
represent the dependencies among different application compo-
nents running across the multicore platform and accelerators.

In this paper, we study DAGs of gang tasks scheduled under a
federated approach on heterogeneous platforms. We introduce
a method to optimize the allocation of cores and streaming
multiprocessors (SMs) for each DAG. Our results show that the
proposed method significantly reduces resource requirements per
application compared to existing state-of-the-art approaches.

Index Terms—federated scheduling, GPU, multicore, response-
time analysis, schedulability, gang, DAG

I. INTRODUCTION

Modern real-time applications often involve compute- and
data-intensive parallel tasks executed on heterogeneous plat-
forms composed of CPUs and GPUs. The tasks executed
across CPUs and GPUs often exhibit complex dependencies
that dictate the order in which they must execute. These prece-
dence constraints can be effectively modeled using Directed
Acyclic Graphs (DAGs), where nodes represent tasks and
edges capture the precedence relations. Analyzing the timing
properties of parallel DAG tasks distributed across different
computing elements (the CPUs and GPUs) is known to be a
complex problem [1], [2]. To add to that complexity, GPUs
execute tasks by dividing them into blocks of threads, where
each block requires access to a predefined number of cores be-
fore execution can begin. The number of GPU cores required
by a block is task-specific and determined by the application
programmer. This execution paradigm is commonly referred to
as rigid-gang scheduling. Gang scheduling has been shown to
improve the efficiency and performance of parallel applications
on both CPUs and GPUs by reducing communication and
context-switch overheads [3] but increases the complexity of
the tasks’ worst-case response times analysis [4].

Several works have analyzed the gang paradigm under
global scheduling [5]—[7] or partitioned scheduling [1], [2],
[8]] using variations of the classical closed-form response-time
analysis (RTA) approach [9].

Federated scheduling [[10]], a scheduling paradigm in which
“heavy” tasks are allocated to dedicated processors while
“light” tasks share the remaining processors under a global
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Fig. 1: Simplified representation of the system architecture.

scheduler, may be a way to reduce pessimism due to the
reduced overhead and the absence of interference for heavy
tasks. Sun et al. [8]], [11] proposed a response-time analysis
for strict partitioning, where disjoint partitions of rigid gang
tasks and processors were created to avoid interference. In
a similar direction, Ahmed et al. [4] proposed an RTA for
federated scheduling of DAGs of gang tasks.

Analyzing complex task models like DAGs or gang tasks us-
ing classical RTA may induce pessimistic results, as shown in
[12]-[14]. The schedule abstraction graph (SAG) framework,
proposed initially in [[I5] and extended in numerous works,
is an alternative to the classic RTA and has been shown to
be more accurate. However, no previous work leveraged it
to analyze DAGs of gang tasks on heterogeneous platforms.
Furthermore, methods to assign the resources (processors and
SMs) to the DAGs so as to guarantee schedulability are still
to be studied.

To fill this gap, this work proposes a method to optimize
the allocation of resources for each DAG using the schedule
abstraction framework. We first extend the analysis presented
in [16] to support the analysis of DAGs of gang tasks on
clustered systems. Then, we show how to use the schedule
abstraction framework to optimize the number of cores and
SMs assigned to each application. We show that despite
the simplicity of the proposed method, the results obtained
with respect to the state-of-the-art are significantly improved,
increasing the number of task sets deemed schedulable by
84 percentage points when the CPU is used at 80% of its
capacity. We also show that, for systems that were already
deemed schedulable by the state-of-the-art method, our method
reduces the number of SMs allocated to each application by
4.7 in average when the CPU is used at 70% of its capacity.
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Fig. 2: Example of application represented as a DAG. Each
node is a rigid-gang task that represents a function that must
execute on CPU (solid blue circle) or a kernel block that must
execute on GPU (striped green circle).

II. SYSTEM MODEL

This work considers a task set I' = {G1,Ga,...,Gn}
consisting of N applications. Each application G; is modeled
as a DAG of gang tasks to be scheduled on a heterogeneous
platform composed of a set P of CPU cores and one GPU,
under non-preemptive federated scheduling.

A simplified representation of the computing platform is
shown in Fig. [I] The main processing units of a GPU are
the Streaming Processor (SP) cores (referred to as cores in
Fig. [T), which are organized into warps (i.e., groups of cores,
see Fig. [I). Warps are, in turn, organized into Streaming
Multiprocessors (SMs). We denote the set of SMs as G. Each
SM in G has the same number of cores, and each core can
execute one thread. The number of warps in an SM is denoted
by w. Only one task can access the cores of a warp at any
time (inter-task parallelism is not allowed on a warp).

A function that must be executed on the GPU is known as
a kernel. A kernel is executed in parallel by multiple threads.
The threads of a kernel are organized into blocks. All threads
of a block must start their execution at the same time on the
GPU. The size of a block (i.e., its number of threads) must be
a multiple of the size of a warp. Blocks of different kernels
can have different sizes.

We represent each application G; as a DAG of gang tasks
released periodically with a period T;, with a constrained
deadline D; < T;. We assume that the scheduler prioritizes
tasks of the same application G; arbitrarily but consistently
(for example, using the task identifier). We denote the set of
tasks of G, with higher priority than another task 7; € Gj
as hp;. An example of a DAG is shown in Fig. Each
DAG G; is represented by a tuple (V;, E;) where V; is the
set of nodes composing the DAG and FE; is the set of edges
connecting those nodes. Each node is a rigid-gang task ;.
A task 7; represents either a function that must be executed
on the CPU or a kernel block that must be executed on the
GPU (see Fig. . The task 7; is characterized by an affinity
a; € {cpu, gpu} that encodes whether the node must execute
on the CPU or GPU, a best-case execution time (BCET) CJ"”"
a worst-case execution time (WCET) CJ’.’“”, and a parallelism
level m;. The parallelism level represents the number of
simultaneously available cores needed by a CPU task or the

number of warps required by a kernel block. A directed
edge between task 7; to 7 represents a precedence constraint
between the two tasks. In case an edge exists between 7; and
Tk, we call 7; an immediate predecessor of 7, and 74 an
immediate successor of 7;. We denote the set of immediate
predecessors of 7; as pred;.

In this paper, we consider federated scheduling [[10]]. Since
applications access both the CPU and the GPU, they can
never be transformed into a single equivalent sequential
task. Therefore, we do not differentiate between “light” and
“heavy” applications, and we assign an exclusive set of
resources to each application. In particular, each application
G, is assigned an exclusive set of Pg, € P CPUs and
Go, € G SMs to execute, such that ﬂ#j (Pgi OPG].) =
0 and ), (Ga: NGg,) = 0.

Note that the model presented in this paper can be gen-
eralized to a heterogeneous platform composed of multiple
hardware accelerators and CPUs.

III. SAG FOR DAGS OF GANG TASKS IN CLUSTERED
SYSTEMS

In this work, we use the schedule-abstraction graph frame-
work to analyze the response time of DAGs of gang tasks
where each DAG executes on an exclusive set of CPUs and
SMs. This can be seen as a clustered system in which the jobs
of a DAG G, are executed on two clusters, one made of CPU
cores and one made of warps.

Since each DAG is assigned exclusive clusters of cores on
the CPU and GPU (i.e., we use federated scheduling), each
DAG can be analyzed independently. Furthermore, since an
application G; has a constrained deadline and all tasks of an
application share that deadline, we only need to analyze a
single job of each task in G; to obtain the application’s worst-
case response time, which is relative to the release of the whole
DAG G;. Therefore, in the rest of this paper, we use the terms
job and task interchangeably.

The SAG framework analyzes the response time of an
application by exploring all possible states in which the system
may be when executing that application. It does so by building
a graph (S, £) in which each node sj € S represents a system
state, and each directed edge in £ represents a transition
from one state to another caused by the execution of a task.
SAG-based solutions were proposed to analyze the execution
of DAG tasks on clustered platforms and the analysis of
independent gang tasks on multicore platforms in [16] and
[13], respectively. However, no solution to analyze DAGs of
rigid-gang tasks on clustered platforms has been proposed yet.
We present such a solution by unifying the results of [[13]] and
[16].

We represent a system state s € S with the following
information:

o The set of jobs that have already been dispatched until

reaching system state sg.

« For every dispatched job J; with a non-dispatched suc-

cessor, a lower bound EFTj(s;) and an upper bound
LFT;(s) on J;’s finish time in state sj.



o The set of jobs that are certainly running on the CPU and
the GPU in system state sj.

o For every number of CPU cores p (with 1 < p <
|P|). a lower bound A} (cpu, si) and an upper bound
AP (cpu, si) on when p CPU cores become available
to execute new jobs. That is, there are certainly less than
p cores free on the CPU before time Ag‘i“(cpu7 k), and
there are certainly at least p cores free on the CPU at or
after time A} (cpu, sg).

o A lower bound A;""(gpu,sx) and an upper bound
Ag““(gpu, si) on when p warps become available to
execute new thread blocks on the GPU.

A job is said to be ready in state sy if all its predecessors
have been dispatched. We denote the set of ready jobs on the
CPU and the GPU as R(cpu, si) and R(gpu, si), respectively.
For every ready job J; of a task 7;, a lower bound on its start
time can be computed as follows:

EST(J;,s1) = max{Am®

mj

max {EFT,(sg)}},

(aj, Sk)’ VT1p€Epred;

where EFT,(sy) is a lower bound on when the predecessor
7, of 7; finished executing, and A,”,‘Li;‘(aj, sg) is a lower bound
on when enough cores/warps become available to execute 7;.

We can also compute an upper bound on when one of the
ready jobs will certainly start executing on the CPU as follows:
min

twelCpu, Sk ) =
wc( 4 k) V71, €R(cpu,sk)

where p™®*(s) is an upper bound on the time at which

all predecessors of 7, finished executing in state s, i.e.,

PR (sk) = Maxyr,epred; {LETy(sk)}-
A similar upper bound for the GPU is given by:
twelgpu, si) = min
(gpu, 51) V7 €R(gpu,sk)
Finally, an upper bound on when a job with higher priority
than J; becomes ready on the same computing element (i.e.,

CPU or GPU) as J; is given by
thigh(Jj, sk) = min{pp**(sx) | ap, = a; A1, € hp,NR(a;, si)}

A ready job J; may be the next job dispatched by the
scheduler only if it can start before any other job is dispatched
or any higher-priority job becomes ready. Thus, we have
that 7; may generate a transition from s, to a new state
sy only if EST(J;,sx) < twe(cpu, sg) and EST(J;, sp) <
twe(gpu, sp) and EST(Jj,sk) < thign(Jj,sk). For each
ready job J; that can generate a transition from a state sy
to a new state s}, the new state s) can be computed using the
method shown in [13]], [[14].

The SAG recursively explores all possible state transitions
starting from an initial state where no job has been dispatched
yet. Details on how the exploration of all reachable system
states can be done efficiently and on how to avoid exploring
redundant states using the notion of independent scheduling
decisions can be found in [16]. An implementation of the
schedule abstraction framework for the analysis of DAGs of
gang tasks executed on heterogeneous platforms can be found
at https://github.com/SAG-org/sag-clustered.

{max{ A7 (cpu, si), pr** (sk) 1},

{max{ A7 (gpu, sx), o7 (sk)}}-

IV. OPTIMIZING THE ALLOCATION OF COMPUTATIONAL
RESOURCES

The goal of the proposed method is to allocate the system’s
computational resources efficiently, ensuring that the task set
remains schedulable while minimizing the resources dedicated
to each individual DAG. To this end, we determine and
optimize the number of exclusive CPUs |Pg, | and exclusive
SMs |Gg, | assigned to each DAG Gi.

The method is described in the following steps:

1) For each DAG G; € I' we start assigning |[Pg,| = |P]
and [Ge;,| = [G;

We analyze that DAG G; using the SAG analysis
presented in Section We pass the DAG G;, the
number of CPU cores |Pg,|, and the number of warps
W = |Gg,|w assigned to the DAG as input to the
analysis. If the DAG is deemed schedulable on |Pg,|
cores and VW warps, we incrementally reduce the num-
ber of SMs |Gg,| assigned to G; by steps of 1 and
repeat the analysis at each step until the DAG becomes
unschedulable or when we have reached the minimum
number of warps needed by any task 7; € V; that needs
to be executed on the GPU, i.e, when WW = mw, where

2)

m = minfj\aj:gpu/\TjEGi m;.

Once the minimum number of SMs is found for G;,
we similarly reduce the number of CPU cores |Pg, |
assigned to G; by steps of 1. We analyze if the DAG
G; remains schedulable using the SAG and we stop
when the DAG becomes unschedulable or when we have
reached the minimum number of CPUs needed by any
task 7; € V; that needs to be executed on the CPUs, i.e,
when [Pg,| = m, where m = ming, ja;—cpunr,;cc, M;-

Finally, if ZGiEFIPG'i| < |P| and if ZGZ€F|gGi‘ <
|G|, then the entire task set is schedulable with the
computed amount of resources allocated to each DAG;
otherwise, the task set is deemed unschedulable.

3)

4)

Despite the apparent simplicity of the proposed method,

.we show in the next section that it yields significantly better

results than the state of the art. The runtime of the overall
method is also relatively low (less than a minute) because
only a single application is analyzed at a time.

V. EVALUATION

In this section, we present the results of the experiments
performed to evaluate our method. First, we compare the
schedulability ratio of our method with respect to the solution
proposed in [4]. Then, for task sets deemed schedulable by
both, we compare the number of SMs needed with each.

A. Experimental Setup

We generate DAGs similarly to the method proposed by
Ahmed et al. [4]] for their experiment on Multicore+GPU with
multi-DAG systems (Section VIL.B in [4]]). In particular, we
considered platforms consisting of 8 processors (|P| = 8)
and 16 SMs (|G| = 16) with a total number of 256 warps.
DAGs were generated with a number of nodes in [20,120].
For each pair of nodes in a DAG, an edge was generated with
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probability 0.6. We considered a high degree of parallelism,
for which m; values were in [1,0.7 |P|]. The WCET
C™M% was chosen from [50,100], while the BCET CM"
was set to 50% of C!"®*. Initially, DAGs with only CPU
nodes with m; = 1 are generated. DAGs are generated
until a desired normalized utilization U; = U/|P|, where
U = Ygier 2req Ci"/Ti ie., the sum of all DAG
utilizations over the processor count, is reached. Then, for each
DAG G}, some CPU nodes with a heavy ratio in [50, 80]% are
selected as GPU-accessing tasks. The maximum GPU-access
length was chosen in [0.1 - C7"** 0.7 - C***]. Each GPU-
accessing node was split into two CPU nodes and multiple
GPU nodes. For each GPU node, the number of warps (m;
value) is selected from the set {8, 4,2, 1}. Finally, edges were
added from one CPU node to the GPU nodes to another CPU
node to model a CPU task that submits a kernel to the GPU
and waits for kernel completion.

The normalized utilizations vary from 0.1 to 1 with a step
size of 0.1. For each utilization value, we generate 100 task
sets. All experiments were executed on a system featuring an
Intel Core i7-13700 CPU (2.1 GHz, 16 physical cores, 24
logical processors) and 16 GB of RAM.

The analysis in Ahmed et al. [4] only returned whether
a task set was deemed schedulable or not. Since our goal
is to minimize the resources assigned to each DAG, we
extended the ILP proposed in [4]] with an objective function
that minimizes the number of SMs allocated to each DAG.
This enables a fair comparison between their results and ours.

B. Experiments

Schedulability Ratio. This experiment compares the schedu-
lability ratio, i.e., the ratio of schedulable task sets over the
number of analyzed task sets, obtained using our method
(Our) and the one obtained by [4] (Ahmed).

The results of this experiment are shown in Fig.[3a Our ap-
proach performs significantly better compared to [4]], showing
an improvement of 84 percentage points in schedulability at
80% system utilization. This is due to the fact that the SAG
analysis introduces less pessimism, i.e., is more accurate, when
analyzing the task set in comparison to closed-form equations.
Additionally, we observed that for task sets deemed unschedu-
lable by our method, the reason was that the number of CPU
cores assigned to the applications exceeded the number of
available CPU cores. We believe that for those task sets, it
would be beneficial to try to reduce first the number of CPUs
and then the number of SMs, i.e., inverting steps 2 and 3 in
Section [V]

SMs Allocations Optimization. This experiment compares
the average amount of SMs allocated in total, for each task set
deemed schedulable by both methods, using our method (Our)
and [4] (Ahmed). We show only the utilization percentage
where there are at least 20 data points; otherwise, it is not
significant. The results of this experiment are shown in Fig. 3b]
The difference between the allocated SMs becomes larger
when system utilization increases, showing the efficiency of
our method in optimizing the allocated resources. The absolute
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Fig. 3: Comparison in terms of schedulability ratio (Fig.
and optimization of the SMs resource allocated (Fig. [3b)
between our method and Ahmed et al. [4].

number of allocated SMs reduced by 4.7 in average at 70%
of system utilization.

VI. CONCLUSIONS

In this work, we considered DAGs of gang tasks scheduled
under a federated approach on heterogeneous platforms. We
presented a method to allocate the system’s computational
resources in heterogeneous systems efficiently. Moreover, we
presented an extension for DAGs of gang tasks of the SAG
for clustered systems [16]. We have shown the effectiveness
and utility of our method compared to the state-of-the-art
by evaluating both schedulability and resource requirements.
In future work, we will investigate how SAG in federated
scheduling works for a heterogeneous platform composed
of multiple hardware accelerators and CPUs, and, in the
case where multiple implementations are available, how to
decide on which hardware accelerators a task should execute.
Additionally, we will compare federated with non-federated
scheduling, where multiple applications can access the same
computational resources.
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