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At near-atmospheric pressure, Devanathan-Stachurski (DS) permeation measurements operate near reversible-
trap saturation, preventing separate identification of trapping parameters. We show that sub-atmospheric H,
partial pressures (0.01 to 1.00 bar) allow the reversible-trap density N, and a model-derived effective binding
energy E, to be jointly identified from multi-pressure data. Two advances enable this regime in a hybrid
gas/electrochemical DS cell: (i) a flow-mixed Ar/H, inlet controlling partial pressure by mass-flow ratio, and
(i) an in-cell palladium electroplating procedure under real-time monitoring that suppresses blistering on thin
ARMCO iron foils. Measured steady-state fluxes scale as the square root of partial pressure, validating Sieverts’
law. The 6-pressure dataset is described by the Johnson model (R? = 0.919), yielding N, = 1.17-10'7 em~3 and
E, = 59.3 kJmol™', consistent with literature. Individual McNabb-Foster fits show larger parameter scatter,
and a global McNabb-Foster fit sharing one trap-parameter set across all pressures provides an independent

cross-validation of the Johnson result.

1. Introduction

Hydrogen-induced material degradation is among the oldest unre-
solved problems in metallurgy [1-9]. Six decades after Devanathan and
Stachurski [10,11] placed the quantitative measurement of hydrogen
transport in metals on its modern electrochemical footing, the ques-
tion of which steel can safely tolerate which hydrogen environment
is still answered case by case [12-15]. Extending the measurement
technique to a wider range of hydrogen activities would improve
both the scientific characterisation of trap populations and the rele-
vance of permeation data to real service conditions, yet a systematic
implementation has not been reported [12,16-18].

Hydrogen transport in ferrite is governed by lattice diffusion in com-
petition with trapping at lattice imperfections [19-23]. Reversible traps
(dislocation cores, low-angle grain boundaries, low-energy interfaces)
capture and release hydrogen on the experimental time scale; irre-
versible traps (high-energy precipitate/matrix interfaces, microvoids,
MnS particles) capture but do not release without thermal activa-
tion [24-29]. Both populations modulate the macroscopic permeation
transient: trap filling extends the time lag, trap saturation makes the
effective diffusivity pressure-dependent, and in equilibrium with a
gaseous H, inlet the dissolved concentration at the entry face is set

* Corresponding author.
E-mail address: tommaso.grossi@santannapisa.it (T. Grossi).

https://doi.org/10.1016/j.ijhydene.2026.156888

by Sieverts’ law, C, = Ky
steady-state flux.

The standard probe of all of this is the Devanathan-Stachurski cell,
in which one face of a thin metallic membrane is cathodically charged
with hydrogen and the opposite face is oxidised potentiostatically so
that the measured anodic current is proportional to the hydrogen
flux [10,11,30,31]. The international standards [30,31] quantify hydro-
gen transport through an effective Fickian diffusivity, Deg = L?/(6t7),
fitted to a single permeation transient at fixed cathodic charging con-
ditions. At the comparatively high hydrogen activities of cathodic
charging the reversible-trap population is largely saturated [12,32] and
D, is self-consistent with Fick’s law, but the underlying lattice diffusiv-
ity and trap parameters are conflated inside the single fitted prefactor:
inverting the analytical Johnson time-lag formula for separate trap
parameters becomes a stiff non-linear inverse problem with strongly
correlated parameters [33].

Johnson’s model (formalised in Section 2.4) describes reversible
trapping through two dimensionless parameters: a trap-strength param-
eter a, set by the reversible-trap density and its capture/release kinetics,
and a trap-occupancy parameter f, set by the inlet lattice hydrogen
concentration and the same kinetics. Several authors have pointed out
the analytical limitations of operating exclusively at saturation [12,16].

Py, which fixes the driving force for the
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Nomenclature

A Exposed membrane area cm?

C Local concentration of dissolved hydrogen in the lattice molcm™3

Cy Dissolved hydrogen concentration at the inlet face molcm™3

Dypp Apparent diffusivity cm?s~!

D, Lattice diffusivity cm?s~!

E, Trap binding energy kI mol™!

F Faraday’s constant 96485 C mol ™!

i Steady-state exit current A

J Hydrogen flux density molecm™2 57!

Jy Steady-state hydrogen flux density molcm=2s~!

Jref Steady-state hydrogen flux density at reference pressure molecm™2 57!

k; Irreversible trap capture rate constant cm’s~!

k, Reversible trap capture rate constant cm’s~!

Kg Sieverts solubility constant mol cm™3 bar~1/2
Membrane thickness cm

n Fractional trap occupancy at the inlet surface

N; Irreversible trap density cm™3

N, Reversible trap density cm™3

Ny Total trap density em™3

p Reversible trap release rate constant s

Py, Hydrogen partial pressure bar

P]ffzf Reference hydrogen partial pressure (1.00 bar) bar

(0] Cumulative hydrogen permeation per unit area molcm™2

t Time s

1 Lattice (Fickian) time lag S

tr Time lag (loading) s

tgfi) Discharge time lag (unloading) s

T Temperature °C

v Reversible trap fractional occupancy (6,)

w Irreversible trap fractional occupancy (6;)

X Spatial coordinate through the membrane thickness cm

X Dimensionless spatial coordinate (x/L)

a Dimensionless reversible trap-strength parameter

p Dimensionless reversible trap-occupancy parameter

B Reversible trap-occupancy parameter at reference pressure

n Dimensionless parameter (C,/N;)

K Dimensionless irreversible trapping parameter (N;k;L?/D;)

A Dimensionless trapping rate parameter (N,k,L?/D;)

" Dimensionless release rate parameter (pL?/D;)

& Dimensionless total hydrogen concentration (lattice + trapped)

p Dimensionless parameter (C,/N,)

T Dimensionless time (D, ¢/L?)

X Dimensionless lattice concentration (C/C)

Xss Dimensionless steady-state lattice concentration

First, at near-atmospheric cathodic-charging activity the reversible-trap
occupancy n = f/(1 + p) approaches unity [12,32] and the Johnson
formula is poorly conditioned: small simultaneous adjustments of «
and p leave 1 /t; nearly unchanged, so the two parameters cannot
be independently resolved from a single-pressure or near-saturation
dataset [33]. Second, the Johnson analytical framework [32] is most
informative in its low-occupancy limit: when reversible traps are far

from full, g scales as Py, via the Sieverts inlet boundary condition

C, = Kg
strong experimental constraint on the trap-strength parameter a taken
separately from the lattice diffusivity D;. Third, the sub-atmospheric
regime, combined with a pure-H, pre-conditioning run that saturates

Py,, and the pressure dependence of t1/f; becomes a

the irreversible traps, isolates the reversible-trap contribution to the
transient: the irreversible subpopulation is filled beforehand and held
saturated, so the analysed curves report cleanly on the reversible
population that controls reversible-trap-limited transport.

Exposing a specimen directly to a controlled H, atmosphere is
a well-established charging route: gas-phase time-lag permeation has
long been used to extract lattice diffusivity and solubility in iron and
steel membranes [34], and more recent high-pressure gas-charging
studies characterise hydrogen transport [17] or fatigue-crack-growth
behaviour [18] in a hydrogen-gas environment. None of these, how-
ever, probe a trap-limited permeation transient in the sub-atmospheric
partial-pressure regime itself—the regime the conditioning argument
above requires.

Lowering the hydrogen activity on the inlet face of a permeation
cell has been proposed analytically as a way out of the saturation-
limited regime [12,16], but its direct gas-phase realisation is opera-
tionally inconvenient: it requires a vacuum chamber on the inlet face,
careful management of leak rates, and a separate hydrogen pressure
transducer. To the best of the authors’ knowledge, a systematic sub-
atmospheric permeation campaign of this kind has not previously been
carried out in a Devanathan-Stachurski cell.
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The present work provides a practical route into this regime. A
constant pure-H, stream is diluted with an inert carrier and metred
by flow ratio, so that sub-atmospheric partial pressures are reached
without any vacuum-side hardware. This enables permeation transients
to be recorded across two decades of Py, in a single apparatus and,
in turn, to exploit the pressure dependence of the time lag: fitting
the transients jointly over all measured pressures separates the trap-
strength and trap-occupancy parameters a and f;—and hence N, and
the effective binding energy E,—which a single near-saturation tran-
sient cannot resolve. The multi-pressure time-lag inversion itself is
due to Johnson [32,35]; the contribution here is the experimental
implementation that makes it accessible on real permeation data. A
second, practical obstacle is peculiar to the gas-phase/electrochemical
hybrid configuration used here: the palladium catalyst layer required to
dissociate H, on the inlet face is itself prone to blistering during plating,
because in highly diffusive ferrites the hydrogen co-deposited with the
Pd recombines in subsurface cavities and ruptures the foil before the
catalytic layer is complete. We address this with the controlled in-
cell electroplating procedure of Section 2.1, which throttles the plating
current under real-time exit-current monitoring to suppress blistering
during Pd deposition on the highly diffusive ferrite. In-cell electro-
plating under exit-current monitoring follows established practice in
hydrogen-permeation sensor fabrication; here it is what makes the thin
ARMCO foils useable in the gas/electrochemical hybrid cell.

We demonstrate this approach on cold-rolled ARMCO iron across
two decades of Py,. The Ar/H, flow-mixed inlet places the membrane
in equilibrium with hydrogen partial pressures from Py, = 0.01 bar
to 1.00 bar in a single apparatus, and the multi-pressure global trap-
parameter inversion recovers the reversible-trap density and effective
binding energy from the combined dataset; the controlled palladium
electroplating of Section 2.1 is what makes the thin-foil measure-
ments possible in the first place. The imposed partial pressures are
validated by an independent Sieverts consistency check against the
expected \/P_Hz dependence of the steady-state flux. The resulting
multi-pressure dataset is analysed using both the Johnson closed-form
time-lag formula [32] and the McNabb-Foster numerical inverse prob-
lem [20], which are standard tools for this class of measurements; we
apply the McNabb-Foster solver both per-curve and, additionally, in a
global multi-pressure form that shares one reversible-trap parameter set
across all pressures (Section 2.6). The Johnson formula in its full two-
parameter form reproduces the time-lag versus partial-pressure trend
with a log-time R? = 0.919 on all 6 measured pressures when the lattice
diffusivity is fixed at its literature value, and the McNabb-Foster PDE
solver reproduces each transient individually to within experimental
noise. Through a flow-ratio partial-pressure control methodology that
accesses sub-atmospheric regimes without vacuum-side hardware, we
enable Johnson’s multi-pressure time-lag inversion for real permeation
data—extracting well-conditioned trap parameters on a ferrite across
two decades of pressure. The Johnson and McNabb-Foster frameworks
are used here in their published form.

2. Materials and methods
2.1. Specimens, surface preparation and apparatus

The material is a high-purity ARMCO iron strip (C,N < 50 ppm)
cold-rolled to a 90% reduction in the laboratory, annealed at 720 °C
for one hour and furnace-cooled, then ground with progressively finer
SiC papers (P320, P500, P600) to a final thickness of L = 0.012 cm. The
exposed area in the permeation cell is A = 3.97 cm? and all experiments
are run at 7 = 20 °C. The grinding sequence leaves a shallow deformed
layer at the surface. Single-pass grinding of medium-carbon steel pro-
duces a work-hardened layer of order a few to about ten micrometres
deep [36]; the progressive multi-grit SiC sequence used here (finishing
at P600) is gentler than that controlled single-pass machine grinding,
so this figure is an upper bound, and even so the layer is at most
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a few percent of the L = 0.012 cm (~ 120 pm) thickness. Because
the reported quantities are through-thickness, steady-state and time-
lag transport properties rather than near-surface hardness or diffusivity,
this thin layer does not control the extracted D; or trap parameters: the
transients remain sigmoidal at every pressure (Fig. 5) and the steady-
state flux follows the Sieverts /Py, law down to the lowest explored

pressure (R> = 0.999, Fig. 4), as expected for bulk-diffusion-limited
transport. Grinding-induced dislocations may nonetheless contribute to
the reversible trap population, since dislocation cores are among the
recognised reversible trap sites in a-Fe [26,37].

The exit face of the specimen is coated with palladium to catalyse
the recombination of permeated atomic hydrogen and lower the surface
impedance, following the standard practice of the electrochemical-
permeation literature [11,38-40]. Conventional electroplating from a
Na,[Pd(NO,),] bath at 0.4 mA cm~2 in 0.2 N NaOH causes systematic
blistering of the highly diffusive ARMCO substrate (observed in this
work): the hydrogen co-deposited with the palladium recombines inside
subsurface cavities and ruptures the foil before the catalytic layer
is complete. We circumvent this failure mode with what we term
controlled palladium electroplating, in which the plating is performed
inside a Devanathan-Stachurski cell, with the electroplating bath on the
cathodic side and a standard 0.1 N NaOH anodic compartment on the
opposite side, and the exit current measured continuously. The plating
current is throttled in real time to keep the exit current below the
critical blistering threshold. With this procedure, blister-free Pd layers
approximately 0.1 pm thick are obtained reproducibly. Fig. 1 contrasts
the blistered surface obtained by conventional electroplating with the
smooth Pd layer produced by the controlled procedure.

The permeation cell, shown in Fig. 2, is the hybrid Devanathan—
Stachurski configuration introduced above. The inlet face is exposed
to a continuously refreshed gas stream of pure H, (supplied by an
HG200B electrolytic generator with a palladium-membrane purifier,
purity greater than 99.99999%, dew point below —40 °C) diluted with
high-purity argon from a commercial bottle. Flow ratio is set with
two MKS 179 A/1179 A thermal mass-flow controller pairs (range
2%-100% of 500 sccm full scale, +1% relative precision each). The
two metred streams are combined at a junction upstream of the cell
inlet and mix in a 1 m length of capillary-bore stainless-steel tubing
(of the type used for gas-chromatograph connections, 1 mm internal
diameter) before reaching the gas chamber. This corresponds to a tube
volume of 0.79 cm® and, across the full documented flow range of the
mass-flow controllers (10-500 sccm total), an axial residence time of
0.1-5 s—already negligible next to the duration of permeation runs
(Section 3.1). Radial homogenisation across the 1 mm bore is even
faster: with a Fuller-Schettler-Giddings estimate of the H,/Ar binary
diffusion coefficient, Dy,_,, ~ 0.8 cm? s™' at T =20 °C and 1 bar [41],
the radial diffusion time r?/ Dy,_ar ~ 3 ms is 30-1500 times shorter
than the axial residence time itself, depending on flow rate. Both gases
are low-viscosity, single-phase streams at these flow rates, so no active
mixing element beyond the junction and connecting line is required;
the line is purged at the combined flow rate, so the inlet composition
reaches steady state, and remains constant, before and during each
measurement. The total gas pressure at the cell inlet is held at 1.00 bar;
the H, partial pressure is the experimental control variable.

The exit (anodic) face is immersed in 0.1 N NaOH electrolyte and
held at +200 mV versus the saturated calomel electrode by the poten-
tiostat. The measured anodic current i is proportional to the hydrogen
flux via J =i (FA)~!. The total current error of the measurement chain
is 40 nA (4J = 1.04 - 10~13 mol cm™2 s71).

2.2. Metallographic characterisation

The crystalline microstructure of the as-tested XHO1 foil was exam-
ined by optical microscopy and SEM after the 720 °C/1 h laboratory
anneal. Specimens were hot-mounted in acrylic resin (Resth), mechan-
ically ground with SiC papers of decreasing grit (P320 to P1200),
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Fig. 1. SEM micrographs of the palladium-coated ARMCO iron surface (cold-rolled ARMCO iron membrane, L = 0.012 cm, T = 20 °C). (a) Standard electroplating
at 0.4 mA cm~2 in 0.2 N NaOH produces visible blisters caused by subsurface H, recombination. (b) The controlled in-cell procedure—where the plating current
is throttled in real time to keep the exit current below the blistering threshold—yields a uniform, blister-free Pd layer.
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Fig. 2. Hybrid gas-inlet/electrochemical-outlet Devanathan-Stachurski permeation cell. Pure H, from an electrolytic generator is mixed with inert argon through
two mass flow controllers (MFC;, MFC,). The resulting gas stream presses on the inlet face of the palladium-coated iron membrane (Fe); permeated atomic
hydrogen (H) diffuses through the membrane and is oxidised at +200 mV vs the saturated calomel reference electrode (RE/SCE) in 0.1 N NaOH electrolyte. The
exit current at the platinum counter electrode (CE) is proportional to the hydrogen flux and is recorded by the ammeter (A). Abbreviations: WE, working electrode
(membrane, anodic face); RE, reference electrode; CE, counter electrode; SCE, saturated calomel electrode; MFC, mass flow controller; Pd, palladium catalyst
coating; Fe, iron membrane. Cold-rolled ARMCO iron membrane: exposed area A = 3.97 cm?, thickness L = 0.012 c¢m, held at T =20 °C..

polished to a 1 pm diamond finish on a velvet lap, and etched for
approximately 5 s in 2% Nital to reveal ferrite grain boundaries.

Fig. 3 shows representative optical (600x) and SEM (1200,
secondary-electron contrast) micrographs. Both images reveal equiaxed
ferritic grains of 30-100 pm with well-defined grain boundaries and
no observable second-phase particles. The small dark dots visible in
the optical micrograph (Fig. 3(b)) are consistent with minor impuri-
ties within the ferrite matrix, revealed by the differential Nital-etch
response; their composition was not further characterised. They are
not resolved in the companion SEM micrograph of the same specimen
(Fig. 3(a)), which shows clean grain interiors and boundaries at higher
magnification: secondary-electron SEM imaging is primarily sensitive
to surface topography rather than to the etch-chemistry contrast that
reveals these features optically, so their absence from the SEM panel
points to a compositional rather than topographic origin. The faint
linear striations in Fig. 3(b) are, separately, residual polishing scratches
from the SiC grinding sequence. Their sparse, isolated distribution and
small size set them apart from a systematic second-phase population
such as cementite or grain-boundary films, so they are not expected

to form an additional trap population beyond the grain-boundary and
dislocation sites discussed below. The equiaxed morphology indicates
that the anneal substantially recrystallises the cold-rolled foil: the
90% cold-reduction dislocation substructure is not preserved at this
magnification. The most prominent crystallographic defect resolved in
this microstructure is the grain boundary; low-angle grain boundaries
in particular are a recognised reversible trap site in a-Fe [26,37],
whereas high-angle boundaries act as deeper, less reversible traps [26].
Alternative defect populations cannot be excluded. After severe cold
reduction followed by annealing, residual defect structures such as
vacancy clusters, collapsed dislocation debris, sub-micrometric mi-
crovoids, or semi-atomic-scale free-volume clusters may persist below
the resolution of conventional optical and SEM observation, and may
contribute to deep trapping together with grain boundaries. With no
cementite particles, interfacial microvoids, or systematic second-phase
population resolved at these magnifications (beyond the sparse, uniden-
tified ferrite-matrix impurities noted above), the material is consistent
with a single dominant reversible-trap population, as assumed by the
Johnson model [32].
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Fig. 3. Metallographic characterisation of the as-tested XHO1 foil (cold-rolled ARMCO iron, C,N < 50 ppm, L = 0.012 cm) after the 720 °C/1 h laboratory
anneal. (a) SEM micrograph at 1200x (secondary-electron contrast). (b) Optical micrograph at 600x after 2% Nital etch; the scattered dark dots are consistent
with minor, uncharacterised ferrite-matrix impurities revealed by etch contrast, and the faint linear striations are polishing scratches; neither is resolved in the
higher-resolution, topography-sensitive SEM panel (a) — see main text. Both images show equiaxed ferritic grains of 30-100 pm with clean grain boundaries and
no systematic second-phase population, consistent with a recrystallised high-purity a-Fe microstructure.

The membrane thickness (L = 0.012 cm ~ 120 pm) is comparable to,
and in places smaller than, individual grain diameters (30-100 pm), so
a single line through the thickness traverses only a handful of grains.
This has limited impact on the reported transport parameters. The
exposed permeation area (A = 3.97 cm?) is macroscopic and spans an
estimated 10*-10° grains laterally, so the measured flux and time lag
are already an ensemble average over many grain orientations. Because
interstitial hydrogen occupies tetrahedral sites in the cubic BCC lattice
of a-Fe, whose macroscopic diffusivity tensor is isotropic by symmetry,
the lattice diffusivity does not depend on grain orientation; only the
orientation-independent trapping at grain boundaries and dislocations
modulates the effective transport. The thin-foil geometry is a practical
compromise—required to keep the permeation time lag tractable at the
lowest explored pressures—and the reported parameters should be read
as polycrystalline averages.

2.3. Pressure control and validation

The H, partial pressure inside the gas chamber is imposed ex-
perimentally by calibrated mass-flow control of the Ar/H, mixture:
a constant pure-H, stream is blended with argon metred by the two
MKS 179 A/1179 A thermal mass-flow controllers (+1% relative error
each), so that the inlet partial pressure is set by the H,/Ar flow ratio;
the resulting pressure uncertainty is derived in Section 2.5. The nominal
values used here span 0.01 to 1.00 bar.

The steady-state permeation flux additionally serves as an inde-
pendent consistency check through the expected Sieverts-law depen-
dence. At equilibrium with H, gas, the dissolved atomic-hydrogen
concentration on the inlet face obeys Sieverts’ law,

Co = Ksy/ Py, @

where K is the Sieverts solubility constant of the matrix. For a-iron
we adopt the Arrhenius expression of Johnson [32] (Eq. 9, p. 2377),

_ -1
C, =157- 1020 p1/2 exp< 6840 cal mol

RT > atoms H cm ™3, (2)

which at T =293 K and Py, = 1 bar yields K = 1.24 - 10'> atoms cm™3
bar—1/2 (pressure unit converted from atm to bar), consistent with
the Kiuchi-McLellan solubility data for a-Fe [29]. The steady-state
hydrogen flux through a defect-free membrane is therefore proportional
to \/P_Hz , so that the imposed pressures should satisfy

2
A H, Jeo
Pref = (Jref> (3)
H, ©

le—11

L e« VP.R?=099

12| @ Imposed pressures

10F
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04F

02F

Steady-state flux Jo, (mol cm™=2 s71)
(=]
(=)}

00 : 1 1 1 1 1
00 02 04 06 08 1.0

VPu, (bar'?)

Fig. 4. Sieverts consistency check. Steady-state permeation flux J versus
the square root of the imposed H, partial pressure for the six XHO1 runs.

The straight line through the origin is the one-parameter fit J, o« /Py,

(R? = 0.999). Grey error bars denote the 1o flow-calibration uncertainty on

Py, and the fixed current error 4i on J,,; both are comparable to or smaller
than the marker size.

relative to the pure-H, reference measurement at 1.00 bar. The mea-
sured fluxes follow this /Py, law closely (Fig. 4): a one-parameter
fit J, o
recovers an implied solubility within a factor of 1.12 of the literature

K, confirming that the imposed partial pressures and measured fluxes
are mutually coherent with Sieverts’ law.

Py, over the imposed pressures gives R*> = 0.999 and

2.4. Time-lag analysis

The permeation transient J(¢) is integrated to give the cumulative
permeation Q(f) = fot J(')dt'. At long times Q(r) becomes linear in ¢
with slope J, and intercept on the time axis equal to the time lag
tr [42,43]. Johnson [32,35], generalising the pure-Fickian result 7; =
L?/(6Dy), derived a closed-form expression for ¢ in the presence of
a saturating reversible-trap population in local equilibrium with the
lattice. With two distinct dimensionless parameters,

k
P=C =1 )

k
= N, =,
P

where N, is the reversible-trap density, k, and p are the trap capture
and release rate constants and » is the fractional trap occupancy at the
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inlet surface, the time lag reads

5 3¢ 6a 6a
i:l+7+ﬁ—ﬁ—3(l+ﬂ)ln(l+ﬂ). 5)
A derivation of Eq. (5) by the Frisch moment method [43] is given
in Appendix. The same calculation applied to the unloading transient—
inlet switched from C; to zero, inlet face exposed to pure argon—yields
the identical formula, provided the time lag is redefined as t(Td) =
/0°° J(@)dt/ J, i.e. the total hydrogen released per unit steady-state
flux. In practice this requires integrating the full discharge curve to r —
o0, which demands a complete discharge record; when only a partial
record is available the loading transient remains the preferred route.

The trap-strength parameter « is intrinsic to the matrix at fixed tem-
Py, through
Eq. (1). In the empty-trap limit § — 0, n — 0, Eq. (5) reduces to
tr = t;(1 4+ «) (Oriani’s effective-diffusivity limit [19]); in the saturated
limit § — oo it reduces to unity (pure lattice). We fix the lattice
diffusivity at the literature value D, = 7.00 - 107 cm?s~! for a-
Fe at T = 20 °C [29,32,44], and recover the two trap parameters
(a,fy = PPy, = 1.00 bar)) by Trust-Region Reflective (TRF) least-
squares minimisation [45] of the log-time-lag residual across all 6
pressures simultaneously in log-parameter space.

The inlet lattice concentration on the x-axis of the Johnson fit is
evaluated from Sieverts’ law as Cy = Kg./Py, using the literature

perature and the trap-occupancy parameter f§ scales as

K [32] and the imposed partial pressure. This is logically indepen-
dent of the Sieverts consistency check of Section 2.3, which uses the
measured steady-state flux to verify that the imposed pressures and
the Sieverts \/; law are mutually coherent; the Johnson analysis
uses K¢ and the imposed P directly as input, without relying on the
measured flux to determine C,. Holding D; at the literature value
follows the convention of the original analysis and reflects the well-
known degeneracy between D; and the trap parameters in single-curve
time-lag fitting [33].

Before evaluating Eq. (5), the steady-state flux J and time lag ¢
are extracted from each raw current transient as follows. The plateau
current is identified as the longest contiguous window over which the
five-point moving average remains within 5% of the global maximum.
The cumulative permeation Q(t) = /0' J dt' is obtained by trapezoidal
integration. The steady-state plateau is identified as the longest con-
tiguous window over which the moving-average flux remains within
5% of its maximum. A linear regression of Q(¢) is then performed over
a window starting at the onset of this plateau (where the flux first
reaches 95% of the steady-state amplitude); this yields the time lag as
the r-intercept of the asymptote.

2.5. Uncertainty propagation

Each of the 6 pressures was measured in a single permeation run.
The uncertainties reported below therefore propagate from instrument
calibration and measurement noise; no pressure-level replicates have
been carried out. Two independent error sources contribute to the un-
certainty on the fitted Johnson parameters. The current measurement
chain carries a total error 4i = 40 nA, which propagates directly to the
steady-state flux as AJ = Ai(FA)~' = 1.04 - 10> molem=2s~1. The
partial-pressure assignment depends on the ratio of two independent
mass-flow controllers (one for H,, one for Ar), each with a +1% relative
error €. Since Py, = Py On,/(Qn, + Qa), standard propagation of
independent relative errors gives

P
o(Py,) = PH2<1 _ >e\/§, (6)

P[olal

where P, = 1 bar is the total cell pressure. At Py, = Py (pure Hy,
Ar MFC inactive) o = 0; as Py, — 0 the relative uncertainty approaches
£V/2 ~ 1.41%—slightly larger than the single-instrument 1%.

The central values and uncertainties on the Johnson parameters
are obtained by Monte Carlo experiments: 1000 independent trials
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each perturb the raw current trace with Gaussian noise o; = 4i, draw
perturbed pressures from Eq. (6), draw a single perturbed membrane
thickness shared across all six pressures (see below), re-extract J
and 77, and refit Eq. (5). 998 of 1000 trials converged. We report the
ensemble mean of each parameter as the central value—the expectation
under the measurement-error model—with the 16th-84th percentiles
as the 68% interval.

The membrane thickness L was measured with a manual mechani-
cal micrometre (reading resolution 0.01 mm); following standard prac-
tice for manual instruments, we take the lo reading uncertainty as
half the smallest graduation, 6; = 0.005 mm (0.0005 cm, ~ 4%
of L). L enters the Johnson time scale as t; = L?/(6D,), so a
systematic thickness offset shifts the absolute time scale—and hence
the fitted N, and D ¢—proportionally. Because a single specimen (and
hence a single micrometre reading) is common to all six pressures,
we propagate o; by drawing one perturbed L per Monte Carlo trial,
shared across all six curves, alongside the current and pressure pertur-
bations above. This confirms the structural expectation quantitatively:
a constant multiplicative shift in 7; is largely absorbed by the fitted
a and cancels in the pressure dependence that determines the effective
binding energy E,, so including ¢, leaves the E, uncertainty essentially
unchanged (c(E,) = 0.356 kJ mol~!, i.e. ~ 0.6% of the mean), while
it dominates the uncertainty on the absolute reversible-trap density
(6(N,) = 1.01-10'° cm=3, i.e. & 9% of the mean, roughly six times larger
than with only the current and pressure error sources). The reported N,
uncertainty above already includes the thickness contribution.

2.6. McNabb—Foster numerical model

The closed-form result of Eq. (5) assumes that all reversible traps
share a single binding energy and that any irreversible-trap subpop-
ulation is either absent or kinetically frozen on the time scale of the
experiment. When these assumptions are violated, the full McNabb—
Foster kinetic-trap system must be integrated numerically [20,24,46—
48]. In dimensionless form, with y = C/Cy, v =0,, w=6,, X = x/L
and 7 = D, t/L?, the system is

dy 02)(

I SR SR
3 = 3 M=o+ Dol - w), @
9 _ 4p 201 = v) - o, ®
oT
0
a—”’ = xn x(1 — w), ©
T

with A = N,k,L?>/D;, u = pL*/D,, x = N;k;L*/D,, p = Cy/N, and
n = Cy/N;. Note that the Johnson parameters satisfy « = 1/u and
B = pA/u, directly connecting the two parameterisations: in the limit
x — 0 and under local trap equilibrium the MF system reduces to the
Johnson framework.

The experimental protocol places the analysis squarely in this limit.
Each specimen is first subjected to a pure-H, permeation at 1 bar that
fills the irreversible (deep) traps; because these sites do not release
hydrogen at room temperature, they remain saturated throughout the
subsequent runs and act as inert, already-filled sinks rather than active
traps. The permeation transients analysed here therefore carry informa-
tion on the reversible trap population only, and we accordingly fit the
reduced reversible system (x = 0, i.e. Egs. (7)—(8) with the irreversible
term removed). In fact, the irreversible groupings are not identifiable
from data that contain no irreversible-capture signal, and forcing them
into the fit merely injects spurious scatter.

We solve the reduced system by the method of lines on 81 uniform
spatial nodes with a second-order central-difference Laplacian and an
implicit (backward-Euler) update with adaptive time stepping [45].
The inverse problem fits the three reversible dimensionless groupings
(4, u, p) to each measured transient, with the lattice diffusivity held
fixed at its literature value D; (i.e. a fixed time scale L?/D;). The
inverse problem is solved in two stages. In the first stage, a Bayesian
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Fig. 5. Exit-current transients on cold-rolled ARMCO iron at the six explored
H, partial pressures. The plateaux are well defined at every pressure.

global search using the Tree-structured Parzen Estimator (TPE) [49]
algorithm as implemented in the Optuna framework [50] explores the
log-parameter space within +1 decade of an initial estimate derived
from the plateau parameters, evaluating the RMS objective on a coarse
spatial grid of 41 nodes (500 trials per curve, with 12 random start-
up trials before the surrogate model takes over). In the second stage,
the Bayesian optimum is refined by Nelder-Mead [51] simplex min-
imisation on the full 81-node grid (convergence criteria: 40 < 10~ and
Af <5-107* in normalised parameter and residual space, respectively).
The two-stage strategy is necessary because the RMS landscape has
multiple local minima at the coarse resolution; the Bayesian phase
provides a reliable basin-of-attraction estimate that Nelder-Mead then
sharpens.

We should clearly distinguish curve reproduction from parame-
ter identification. While high-dimensional numerical trapping models
can reproduce individual permeation transients with close accuracy,
a good fit alone does not guarantee uniquely identifiable transport
parameters. The McNabb-Foster inverse problem is in fact strongly ill-
conditioned [32,33,35]: widely separated parameter sets can give very
similar fit quality for a single J(r) curve, so that measurement noise
projects onto correlated directions in parameter space. We therefore
restrict the search to the three identifiable reversible groupings, hold
D, at its literature value, and report the fitted groupings rather than
claiming uniquely determined dimensional values. All numerical values
reported in the text and tables in Section 3.3 are derived from the raw
current-time data through the procedures described above.

3. Results
3.1. Permeation transients and steady-state fluxes

Fig. 5 shows the six exit-current transients on ARMCO iron at the
explored H, partial pressures (PH2 = 0.01, 0.08, 0.23, 0.35, 0.53 and
1.00 bar). Each transient rises monotonically from a near-zero baseline
to a well-defined plateau over a few minutes to one hour, followed by
a smooth discharge phase once the gas-phase H, is replaced by pure
argon. The well-defined plateaux indicate that the membrane reaches
a steady state at every pressure. The signal at the lowest pressure
(Py, = 0.01 bar) is approximately one order of magnitude smaller than
the reference plateau but well above the noise floor of the potentiostat,
indicating that the sub-atmospheric regime is operationally accessible.

The steady-state currents at the explored pressures, the correspond-
ing hydrogen flux densities J,, = iy /(FA) and the time lags
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Table 1
Experimental characteristic quantities for cold-rolled ARMCO
iron.
Py, (bar) J, (molem™2s71) tr (8) Dy, (em?s71)
0.01 1.46 - 10712 677 3.55-1078
0.08 3.92- 10712 223 1.08 - 1077
0.23 6.46 - 10712 153 1.56- 1077
0.35 7.94 10712 125 1.92-1077
0.53 9.62-10712 123 1.96- 1077
1.00 1.35- 1071 121 1.98-1077

extracted by the Q(7)-intercept method are summarised in Table 1. The
apparent diffusivity D,,, = L?/(6t) decreases from 1.98 - 10~ cm?s™!
at 1.00 bar to 3.55 - 1078 cm?s~! at the lowest pressure, reflecting the
influence of trap filling.

The extraction of the time lags 7; via the cumulative charge O(r)-
intercept method is illustrated in Fig. 6 for each of the six partial
pressures. For each test run, the experimental cumulative permeation
curve Q(t) = fo' J(#")dt' is plotted along with the fitted diagonal asymp-
tote. The time axis intercept of this asymptote gives the time lag 7,
which represents the delay due to transient transport and trapping. The
fitted asymptotes closely track the linear plateaux of the cumulative
charge curves.

3.2. Johnson time-lag fit

Fig. 7 shows the time-lag ratio (¢;-/7;) — 1 versus the lattice con-
centration C, together with the two-parameter Johnson fit of Eq. (5),
which illustrates the transition from the empty-trap regime to the trap-
saturation limit. With the lattice diffusivity held at the literature value,
the recovered trap parameters are

a=8.55-10° (68% CI: 7.21 - 10°-9.84 - 10°), (10)

p =911 (68% CI: 77.9-104), an

reported as Monte Carlo ensemble means with 68% percentile intervals
(Section 2.5); the Johnson form describes the 6 measured pressures
with a best-fit log-time coefficient of determination R?> = 0.919. The
two parameters are then converted to physical quantities by eliminating
the common ratio k,/p between the definitions in Eq. (4). At the 1 bar
reference, C, = KgV/1bar = K, so f; = K (k,/p) and hence k,./p =
B,/ K. Substituting into « = N, (k,/p) gives the reversible-trap density
directly,

N o= 2K 12)

kr/ p ﬂ 1

with the Johnson Sieverts constant for a-Fe (from Eq. (2)). This yields
N, = 1.17 - 107 ecm=3 (68% CL: 1.07 - 10'7-1.27 - 10'7 ¢m~3) and a
trap binding energy E, = 59.3 kJmol™' (68% CI: 59.0-59.7 kImol™!),
derived via Oriani’s equilibrium relation E, = RT In(k,N;/p) [19]
with Ny = 12/a} = 5.09 - 102 cm™>, the tetrahedral interstitial site
density in BCC a-Fe (ap, = 2.8664 A). Both values agree well with
Johnson [32] for cold-rolled iron and with Kumnick and Johnson [28]
for deformed iron (E, = 59.9 +4.6 kJ mol™!). Because the experiments
were performed at a single temperature, this E, should be regarded
as a model-derived effective trapping energy—inferred through the
Johnson/Oriani trapping framework from the pressure dependence at
fixed T—rather than a direct Arrhenius measurement, which would
require a temperature series (Section 4.1).

The residual panel of Fig. 7 quantifies the fitting quality across all
six pressures: the relative deviation between observed and predicted
time lag has an RMSE of 18.6%, with the single largest deviation
occurring at the highest, reference pressure (Py, = 1.00 bar) rather
than at the lowest. This pattern is consistent with the three Johnson-
model assumptions discussed in Section 4.1: local equilibrium between
lattice and trapped hydrogen, a single reversible-trap population, and
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Fig. 6. Experimental cumulative permeation curves Q(f) as a function of time ¢ for the six explored H, partial pressures. The fitted diagonal asymptotes are
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Fig. 7. Time-lag ratio (t;/t,)—1 as a function of the lattice concentration C, for the six explored pressures, on cold-rolled ARMCO iron (L = 0.012 cm, T = 20 °C).
The solid line is the two-parameter Johnson model (Eq. (5)) evaluated at the Monte Carlo mean parameters, with D; = 7.00 - 10> cm?s~! (fixed at the «-Fe
literature value), implying a reversible-trap density N, = 1.17-10'7 cm™® and a trap binding energy E, = 59.3 kI mol™' as shown in the legend. The shaded band is
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The lower panel shows the relative fit residual, (7 s = t1 prea)/?7 prea> t €ach pressure..

a fixed literature D, . All three are most likely to be stressed where the
trap occupancy n = /(1 + p) is highest, i.e. near 1 bar. As occupancy
saturates, trap release becomes rate-limiting; a distributed, rather than
single-valued, trap-energy population [16,21] would manifest its curva-
ture most strongly at saturation. The residual is therefore concentrated
at high occupancy—a genuine limitation of the single-trap Johnson
closed form—rather than a signature of a second trap population or
a low-pressure noise artefact.

3.3. McNabb—Foster inverse fit
To evaluate the transport and trapping parameters under the

McNabb-Foster (MF) kinetic-trap framework, we perform individual
per-curve inverse fits on each of the six experimental transients

separately, and, additionally, a single global fit that shares one
reversible-trap parameter set (N,, k,, p) across all six transients simul-
taneously (Sections 2.6 and 3.3.2).

3.3.1. Single-pressure McNabb—Foster fits

Fig. 8 shows the individual MF fits for all six transients ona 2 x 3
grid. Experimental points carry +1.04 - 1073 molem=2s~! error bars
normalised by J; no fit band is shown because Nelder-Mead returns
no covariance matrix and a full Monte Carlo ensemble of per-curve
inverse fits would be computationally prohibitive. The numerical model
reproduces the shape of each measured transient with high accuracy,
achieving a maximum root-mean-square residual of 0.0184. The result-
ing parameters for each pressure are reported in Table 2. Even with the
irreversible population removed, the per-curve reversible parameters
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Fig. 8. McNabb-Foster individual inverse-fit overlays for the six ARMCO iron transients (cold-rolled ARMCO iron, L = 0.012 cm, T = 20 °C). Filled circles:
experimental normalised flux. Solid line: individual MF fit with three independent parameters optimised per curve.

Table 2

Comparison of reversible-trap transport parameters identified by the global Johnson fit, the global
McNabb-Foster fit (Section 3.3.2), and individual per-curve reversible-only McNabb-Foster fits.
The irreversible traps are saturated by the pre-conditioning protocol and do not contribute to the

analysed transients (Section 2.6).

Py, (bar) E, (kImol™") N, (em™) k, (cm?s™) p (s
Johnson Global Fit

- 59.3 1.17 - 107 - -

Global McNabb-Foster Fit

- 62.7 9.41-10' 5.41-1071° 1.87-1073
Individual McNabb-Foster Fits

0.01 57.9 1.40 - 10"7 1.82-10°1 0.0445
0.08 55.6 5.10- 10 1.67 - 10714 1.03

0.23 542 4.89-10' 1.37-1071 1.52

0.35 61.7 9.24 .10 4.00- 10710 2.11-1073
0.53 53.2 1.55-10"7 7.99 - 10710 0.134
1.00 51.9 8.52-10'¢ 5.82-1071 1.67

still scatter across pressures, as expected for an ill-conditioned single-
curve inverse problem. The per-curve reversible trap density N, ranges
from 4.89 - 10'® cm™3 at 0.23 bar to 1.55 - 10'7 cm™ at 0.53 bar—a
factor of ~3 for a quantity that should be a material constant at fixed
temperature. Notably, the Johnson global estimate N, = 1.17-10'7 cm™3
falls within this scatter band, providing cross-consistency between the
two frameworks despite the per-curve variance. This residual drift is
a known consequence of fitting individual curves in isolation: the ill-
conditioned parameter landscape lets the identified parameters drift
across pressures even when the underlying physics is the same, because
measurement noise projects onto correlated directions in parameter
space [32,33,35]. It underlines that good curve reproduction does not
by itself guarantee uniquely identifiable parameters, and that multi-
pressure analytical fits (such as the Johnson model) are preferable for
extracting physical constants. The per-curve binding energies average
to 55.8 kI mol™!, ranging from 51.9 to 61.7 kJmol™! across the 6 pres-
sures; the mean is consistent with the Johnson global estimate and with
permeation-derived trap binding energies reported for ferrite [28,32].

3.3.2. Global McNabb—Foster fit

Section 2.6 noted that a global multi-pressure MF fit is a higher-
dimensional and more severely ill-conditioned optimisation problem
than the analytical Johnson global fit, and is computationally far more

costly than either the Johnson fit or a single per-curve MF fit. We
nonetheless carried it out, because it provides a direct, model-consistent
cross-check of the Johnson global result within the McNabb-Foster
framework itself. The dimensionless groupings (4, u, p) are fitted jointly
to all six transients, with p (and hence C;) scaled across pressures via
the Sieverts relation of Eq. (1), so that the fit has effectively three
free physical unknowns (N,, k,, p) rather than three per curve. The
two-stage Bayesian/Nelder-Mead optimiser of Section 2.6 is applied
to the summed residual over all six curves. Fig. 9 shows the resulting
global-fit overlays. The fit recovers N, = 9.41-10'® cm™ and a binding
energy E, = 62.7 kJmol™!, in close agreement with both the Johnson
global estimate (N, = 1.17 - 10" cm™3, E, = 59.3 kimol™!) and the
per-curve MF range reported above, and within the literature range for
cold-rolled iron [28,32]. The summed normalised-flux RMS residual of
the global fit (0.0499) is larger than the per-curve mean (0.0124) or
maximum (0.0184) RMS, as expected: forcing a single trap-parameter
set to reproduce all six transients trades per-curve fit quality for a
physically constrained, materially consistent parameter set. Visually
(Fig. 9), the global fit reproduces the sub-atmospheric transients closely
but systematically leads the data at the highest pressures (0.53 and
1.00 bar)—the same near-saturation regime identified as the source
of the largest Johnson residual in Section 3.2—which is consistent
with a single reversible-trap population becoming a progressively less
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Fig. 9. Global McNabb-Foster inverse-fit overlays for the six ARMCO iron transients (cold-rolled ARMCO iron, L = 0.012 cm, T = 20 °C), sharing one reversible-
trap parameter set (N, = 9.41 - 10'® cm™3, E, = 62.7 ki mol™") across all pressures. Filled circles: experimental normalised flux. Solid line: global MF fit.

complete description as trap occupancy approaches saturation. Taken
together, the global MF fit corroborates the Johnson global result
from within an independent numerical framework, while the per-curve
fits above remain the clearest illustration of the ill-conditioning that
motivates preferring multi-pressure global fits (Johnson or MF) over
any single-curve inversion.

4. Discussion
4.1. Methodological significance and limitations

The most direct value of the present results is methodological. It is
operationally feasible to characterise hydrogen permeation across two
decades of H, partial pressure in a single apparatus, using only common
laboratory hardware: a mass flow controller, an inert carrier line, a
standard potentiostat. The decisive enablers are the controlled palla-
dium electroplating procedure of Section 2.1, which makes a highly
diffusive ferrite compatible with a catalyst layer that would otherwise
blister, and the calibrated mass-flow pressure imposition of Section 2.3,
whose imposed partial pressures are independently corroborated by the
Sieverts , / Py, flux dependence (Fig. 4). Together these two ingredients
show that the sub-atmospheric regime is a natural extension of the
Devanathan-Stachurski technique, accessible to any laboratory already
equipped for ISO 17081 measurements [30,31].

The wider scientific motivation is the trap-saturation argument set
out in the introduction. At 1.00-bar hydrogen activity, the fractional
trap occupancy n = f/(1+ f) approaches unity [12,32] and the Johnson
formula of Eq. (5) is poorly conditioned: at large f, small simultaneous
adjustments of « and g, leave the time-lag ratio nearly unchanged,
so inverting the formula for the two trap parameters separately is
mathematically ill-conditioned and requires strong priors that bias the
inferred binding energies and trap densities [33]. At sub-atmospheric
activity, by contrast, f is reduced (scaling as 4/ Py, via the Sieverts inlet
condition) and the sensitivity of 7;- /t; to a and g, individually becomes
sufficient for well-conditioned joint identification. The global fit of Fig.
7 across two decades of partial pressure provides empirical support for
this argument on a real ferrite.

Several constraints of the present implementation require explicit
acknowledgement.
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1. The H, partial pressure is imposed by calibrated mass-flow
control, so its accuracy rests on the flowmeter calibration. The
steady-state flux provides an independent cross-check through

Py, dependence (Eq. (3), Fig. 4), which the data
follow closely; this consistency relies on the inlet remaining a
Sieverts equilibrium across the explored range, supported by the
palladium catalyst layer that ensures rapid dissociative adsorp-
tion and thermodynamic equilibrium between the gas phase and
the subsurface lattice.

. All experiments are conducted at a single temperature (7" = 20 °C

293 K), so no Arrhenius decomposition of D; or Ky into
activation prefactors is attempted.

. The solubility of hydrogen in the matrix is not directly mea-
sured; only the product D; K enters the permeation flux, and
separating the lattice diffusivity from the solubility requires
either an independent diffusivity measurement [29,44,52,53] or
a complementary thermal desorption analysis [37,54], or the
literature assumptions we have made.

. The analytical Johnson formula rests on three assumptions whose
approximate character should be made explicit, since each can
bias the fitted trap parameters.

the Sieverts

(a) Local equilibrium between lattice and trapped hydrogen
[19,46] requires trap capture/release kinetics to be fast
relative to the diffusive time scale; this degrades as the
reversible-trap population approaches saturation, where
release becomes comparatively rate-limiting.

A single reversible-trap population with one binding energy
is assumed; a material with a distributed trap-energy
spectrum [16,21] deviates most from this idealisation
where trap occupancy is highest, since a spread of ener-
gies collapses toward a single effective value only in the
low-occupancy limit.

The lattice diffusivity D; is fixed at its literature value
(Section 2.4) rather than fitted, because D; and the trap
parameters are degenerate in single-curve time-lag fitting
[33]; fixing D; removes a degree of freedom that could
otherwise absorb part of the near-saturation curvature,
so a genuine mismatch between the assumed and true
D; would appear as residual structure rather than being
compensated.

(b)

(c

—
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The residual analysis of Fig. 7 bears this out: the largest relative
deviation falls at the highest, near-saturation pressure rather
than at the lowest, so the global R = 0.919 reflects the approx-
imate character of these assumptions where trap occupancy is
highest.

5. Each pressure was measured in a single permeation run (Sec-
tion 2.5); the reported uncertainties therefore reflect instrument-
propagated error rather than run-to-run reproducibility, and
repeated measurements at fixed pressure remain an item for
future work.

4.2. Implications for hydrogen-embrittlement standards

The international standards for hydrogen permeation measurement
[30,31] prescribe an electrochemical cathodic-charging protocol that,
in current practice, operates at hydrogen activities close to or higher
than H, at atmospheric pressure. At these activities the reversible-trap
population is nearly saturated, so the Johnson inversion is poorly con-
ditioned and the resulting trap parameters carry large uncertainty. The
data presented here show that a hybrid gas-inlet/electrochemical-outlet
configuration delivers equivalent steady-state and time-lag informa-
tion across two decades of H, partial pressure, with no additional
hardware beyond a mass flow controller and an inert carrier line. A
sub-atmospheric extension of the existing standards, parameterised by
H, partial pressure rather than by cathodic charging current density,
would substantially improve the conditioning of the trap-parameter
identification and thereby extend the analytical information that a
single permeation campaign can deliver [12,16,55].

5. Conclusions

Extending Devanathan-Stachurski permeation measurements on
cold-rolled ARMCO iron to sub-atmospheric H, partial pressures (Py, =
0.01 to 1.00 bar) resolves the ill-conditioning that limits trap-parameter
identification at near-atmospheric hydrogen activity. The Johnson two-
parameter time-lag formula, fitted jointly across all 6 measured pres-
sures with the lattice diffusivity held at its literature value, recovers
a = 855-10° and p; = 91.1 with a log-time R*> = 0.919, yielding a
model-derived effective binding energy E, = 59.3 kJ mol~' (68% MC CI:
59.0-59.7 kI mol™!) and a reversible-trap density N, = 1.17-10'7 cm~3,
consistent with literature values for cold-rolled iron [28,32]. Both
per-curve and global McNabb-Foster inverse fits cross-validate this
result from an independent numerical framework, at the cost of larger
parameter scatter in the per-curve case. Future work will extend the
technique to systematic temperature scans—enabling a direct Arrhenius
determination of the binding energy—and to other ferritic materials
with different trap populations.
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Appendix. Derivation of the Johnson time-lag formula

Governing equation under local equilibrium. Assume a single reversible

trap population in instantaneous equilibrium with the lattice, so that

the fractional occupancy satisfies the Langmuir isotherm [56]
k.C(x,1)/p Bx

0.(x,1) = = s
) = e cmnyp - 146z

where y = C/C, is the dimensionless lattice concentration, g = k,C,/p
is the trap-occupancy parameter at the inlet surface, and « = N, k,/p is
the trap-strength parameter. Substituting into the mass balance 9,(C +

13)

N,6,) = D 0§C and using the dimensionless variables X = x/L,
7= D;t/L? gives

08 %y ay

—=—, =y + . 14
ot 9Xx?2 S =ty +bx a

At steady state the right-hand side vanishes, so y(X) = 1 — X (linear
profile), and the dimensionless steady-state flux is =0y, /0X|, = 1.

Loading transient (inlet stepped from 0 to Cy). For this case, we have the
boundary and initial conditions y(0,7) = 1, y(1,7) =0, and y(X,0)=0.
Operationally, the loading time lag ¢, is defined as the intercept on
the time axis of the steady-state linear asymptote of the cumulative
permeation Q(t) = fot J(@')di' as t — oo. Since at long times this
asymptote is Q(t) ~ J (¢t — t7), the quantity of hydrogen accumulated
in the membrane to establish the steady-state profile equals Jt;.
Geometrically, this quantity corresponds to the difference between the
ideal cumulative permeation without transient delay (J,r) and the
actual cumulative permeation Q(f) as t — oo:

Jotr = / W[Jw - J(®)]dr.
0

The integrand J, — J(r) decays exponentially at long times (each
eigenmode of the nonlinear diffusion operator contributes a decaying
exponential), so the integral converges and the time-axis intercept is
well-defined. Expressed in dimensionless variables using the exit flux
ratio

(15)

7]
O _ _ox 16)
Joc oX X=1
and dr = (L?/D;)dr, the dimensionless loading time lag is
© 0
0 X
= 1+ = dr. 17
T /0 |:+0XX=1:|T 17

Multiply Eq. (14) by X and integrate over [0, 1]; integration by parts on
the right-hand side gives
_ %

1
/ XﬁdX—
0 at 0X

using y(0,7) = 1 and y(1,7) = 0. Integrating Eq. (18) over 7 € [0, ),
the left-hand side collapses to a spatial integral over the change from
the initial to the final (r — co) state of &:

+1, (18)

|X=l

1 1
o = /0 X [E(r(X)) = £0)] dX = /O X &1 - X)dX. (19)
Unloading transient (inlet stepped from C, to 0). For this case, we have
the boundary and initial conditions x(0,7) = 0, y(I,7) = 0, and
x(X,0) = y(X) = 1— X. Operationally, the unloading time lag téﬁj)
is defined as the intercept on the time axis of the steady-state linear
asymptote of the cumulative exit-flux deficit O(7) = fot [Jo—J @) df'. As
the membrane empties completely, J () — 0, so the cumulative deficit
approaches the linear asymptote O(t) ~ Jo 1 — [~ J(t')di' = T (t — tgﬁ”).
This directly yields:

@ _ 1 / =

) = — J(t)de. (20)
T "oo 0

Expressed in dimensionless variables using the exit flux ratio

O _ _dx @D
Jo, 0X |x=1
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and dr = (L?>/D;)dr, the dimensionless unloading time lag is

& 0
T;"d) = / <——X )dr.
0 0X |x=1

With both boundary values now zero, the same moment operation
/01 X (\)dX on Eq. (14) gives

1

/ Xﬁ dX
0 a7

Integrating over = € [0, ): the initial state at ¢ = 0 is &(1 — X) (the

loaded steady-state profile), and the final state at 7 — oo is £&(y=0) =0
(empty membrane). Therefore:

(22)

_ 9x

= . 2
X |y (23)

1
4 = / X&(l-X)dx =1, 24
0

The loading and unloading time lags are therefore identical: both equal
the same spatial integral of £ over the steady-state profile.

Evaluation of the integral. Setting v =1— X in Eq. (19):

1 1 1
_ _ _ _ (1-v)v
‘L'T—/O (1 U)f(u)du—/0 (1-vwdv +a A —1+ﬂv dv. (25)
——
=1/6

The first term is the Fickian lag z; = 1/6. For the second integral,
substituting w = fv and splitting the numerator:

by 1
/0 T3040 = A -+ ). (26)
oy _ 1A
/0 1+ﬂudv_ﬁ ?—ﬁ+ln(1+ﬂ) . 27)
Subtracting Eq. (27) from Eq. (26) and simplifying:
1
(-vog 1 1 _1
/0 Tﬂudv_2ﬂ+ﬁ2 ﬂ3(l+ﬂ)ln(1+ﬁ). (28)
Inserting into Eq. (25) and dividing by z; = 1/6:
Ir 3a | 6a  6a
TSl A pIn - p), 29)

which is Eq. (5). The same expression applies to the unloading time lag
t<Td), with the identification that g is evaluated at the pre-switch inlet
concentration C, and the time lag is measured through the integral
of the decay current (Eq. (22)) rather than as the intercept of the
cumulative permeation asymptote.
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